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Chapter 1

Introduction

1.1 Purpose of the study

Graphene is a two-dimensional (2D) material of carbon in a honeycomb

lattice. The electronic structure of graphene is already calculated in 1947 by

P. R. Wallace [1]. He found that the electronic structure of graphene shows

no energy gap between the valence and conduction bands, while, the valence

and conduction bands do not overlap each other. Its electronic structure

also shows the linear electronic dispersion, unlike the most materials whose

energy dispersions are quadratic of k.

In order to study the graphene, we need tools for characterization of the

sample. Raman spectroscopy is a very useful tool for evaluating sample,

because from Raman spectra we can obtain a lot of important informations,

such as, the number of graphene layers [2], the presence of the deffect or

disorder [3], the atomic doping impurity [4], and the existence of strain [5].

In this master thesis, we explain the effect of the laser excitation energy

(EL) from infrared to deep ultraviolet (UV) to the the Raman spectra, es-

pecilally for G′ band. The second purpose of this thesis is to assigned G?

band and calculate Raman intensity of G? band. Therefore we can prove

our models to calculate Raman intensity is acceptable, and we can use the

1
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Figure 1.1 Raman spectra of monolayer graphene on a sapphire substrate excited
by 355 nm laser [7]. There are four peaks appear; D band, G band, G′ band, and
G? band.

models to calculate Raman intensity for different condition in the future.

Raman spectroscopy is inelastic scattering of light by matter [6]. Inelas-

tic scattering means that the energies incoming photon and the outgoing

photon are not the same. The shift of the energy is called Raman shift. The

Raman shift is the finger print of the Raman spectroscopy, because it has

some information about atomic vibration, electronic energy, etc. Combina-

tion of experiment with calculation is important for understanding Raman

spectroscopy, because some concepts of basic solid state physics are needed

for explaining Raman spectra as a function of many experimental parame-

ters, such as laser excitation energy, temperature, pressure, and Fermi energy

of materials [6].

In Fig. 1.1, we show the typical experimental result of Raman spectra

of monolayer graphene excited by 355 nm laser. There are four peaks exist

Fig. 1.1: picuse/ramanexpe.eps
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Figure 1.2 The experimental results of Raman spectra of monolayer, bilayer, three
layers, and four layers graphene on (a) quartz and (b) SiO2 substrate excited by
532 nm laser [12].

in the Raman spectra of monolayer graphene, such as; D , G, G?, and G′

bands, however, only two intrinsic peaks in Raman spectra of monolayer

graphene are G band and G′ bands [6], which are free from impurity or

defects, while the D band is a defect oriented peak and G? band origin is

not well understood. The G band peak lies around 1580 cm−1 and G′ band

exists around 2700 cm−1, the D band frequency is 1350 cm−1 and G? band

is 2400 cm−1.

From the G band, we can get information about the sample, such as ;

existence of strain, effect of gate doping, and the impurity. Since the peak

position of G band is sensitive to the gate voltage applied to graphene,

we can evaluate the Fermi energy by peak position [8]. The G′ band also

has very important information for sample characterization. We can obtain

information about the number of graphene layers, temperature, and the

order of stacked graphene [3, 9, 10, 11].

Although the Raman spectroscopy is very important for evaluating sam-

ple, and the intensity ratio of G′ to G band is frequently used for char-

acterizing the number of layer of graphene [13], the discussion of G′ band

without information about EL does not have a meaning, because recently

Fig. 1.2: picuse/figmultilayer.eps
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experimental result done by Liu et al. reported the G′ band frequency and

intensity is sensitive to the EL [7].

Based on experimental result in Fig. 1.1 there are four bands exist. The

origin of D, G, and G′ bands process are already known. However, we still

have another peak, its intensity is very small. This peak position is around

2400 cm−1 which called G? band. The origin of G? band is still debatable,

because previous work assigned the G? band and calculated Raman intensity

but, previous work did not reproduce the experimental result [8, 14, 15]. The

G? band exists in single and multilayer graphene as shown in Fig. 1.2. The

existence of G? band in monolayer graphene and related materials on various

substrate have been pointed out from previous work [8, 12, 14].

In order to understand Raman spectroscopy, theoretical approach is needed.

The theory to calculate Raman spectra is done by our group [16, 17, 18, 19,

20].

G band is the first-order Raman process, and the G′ band is double

resonance Raman process [3, 6, 13, 19]. However, the study of Raman spectra

of graphene as a function of laser energy has not complete yet, such as the

effect of using deep ultraviolet laser energy to the behavior of peak.

1.2 Organization

This thesis is organized into seven chapters. In the chapter 1, we explain the

purpose of the study. In chapter 2, we introduce the background and moti-

vation for understanding this thesis. In chapter 3, the structure of graphene,

the vibrational properties ,the electronic band structures of graphene based

on simple and extended tight binding approximation are reviewed. In chap-

ter 4, we describe the calculation methods used in this thesis. The formula

to calculate Raman intensity is introduced. The electron-photon interaction

matrix is briefly reviewed, which was previously developed by J. Jiang et al.

[21] and A. Grüneis et al. [22] in our group. We will explain the calculation
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result about the G? band in chapter 5. The calculation result about the

G′ band will be disscused in chapter 6. The effect of deep ultraviolet laser

energy is also discussed in chapter 6. Finally in chapter 7, summary of this

thesis will be given.





Chapter 2

Background

In this chapter, we review some important backgrounds that motivated the

present work. We will start from the recently experimental result of mono-

layer graphene then we explain the general concept of Raman spectroscopy

in monolayer graphene.

2.1 Experimental Raman spectra of monolayer graphene

Recently Hsiang-Lin Liu et al. measured the Raman spectra of monolayer

graphene for several laser excitation energy [7]. He used a liquid-nitrogen-

cooled charge- coupled detector (CCD) camera with f = 500 mm spectrom-

eter by installing an 1800 lines/mm grating (princeton instruments, Inc.).

The excitation laser 266 nm and 355 nm was focused onto the sample by an

objective lens (0.5 N.A., 40×, Thorlabs, Inc.). Additionally for visible light,

532 nm and 785 nm, the laser was focused by objective lens (0.95 N.A.).

The power of the all lasers is 1.0 mW to avoid the heating effect which can

damage the sample [7]. The Raman spectra measurements were measured

at room temperature. Fig. 2.1(a) shows the Raman spectra of monolayer

graphene on a sapphire substrate excited by deep-ultraviolet 266 nm (4.66

eV), ultraviolet 355 nm (3.49 eV), visible 532 nm (2.33 eV), and near-infrared

7



8 Chapter 2. Background

Figure 2.1 The experimental result of Raman scattering spectra of monolayer
graphene (a) on sapphire substrate excited by 266 nm, 355 nm, 532 nm, and
785 nm laser excitation energy and (b) on three different substrate excited by 266
nm laser excitation energy [7].

(1.58 eV) laser energies, the spectra were normalized to the G band intensity

for each laser energy. Fig. 2.1(a) shows there are three peaks. G, G?, and

G′ bands. The G band exists at 1582 cm−1 in all laser energy. The G? band

intensity are very weak and exist around 2400 cm−1, these peaks shifts as

a function of laser energy. The G? band peak position shifts to the lower

Raman shift with increasing laser energy.

The G′ band exists around 2700 cm−1. The peak position of G′ band

shifts as a function of laser energy whose slope is opposite to the G? band, the

slope of G′ band is 85-107 cm−1/eV [23, 24, 25] while the slope of G? band

is -10 to -20 cm−1/eV [23, 26]. The peak intensity of G′ band decreases with

increasing EL and disappears in laser energy at 266 nm. This phenomenon

is very interesting, because the relative intensity of G′ band to G band is

used to evaluating the number of graphene layer [13, 27]. Therefore the

information about used laser energy in Raman spectra of graphene becomes

very important.

Because the frequency of G′ band is about twice of D band frequency, the

Fig. 2.1: picuse/ramanexp.eps
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G′ band is also called the 2D band in the carbon literature [28, 29], but G′

band is most popular name because, G′ band is not a defect process, while

the D band denotes the defect peak [6].

In Fig. 2.1(b), we show the Raman spectra of monolayer graphene excited

by 266 nm laser in various substrates, such as sapphire, silicon, and glass.

G band exists in all substrate and G′ band peaks are absent. Therefore the

absence of G′ band is not caused by the effect of substrate.

However, there are only two intrinsic peaks in Raman spectra of mono-

layer graphene are already known, G band and G′ band [6], which are free

from impurity or defects, while the D band is a defect oriented peak [26],

and the origin of G? band is not well understood [8, 14, 15].

Because G? band always exist in Raman spectra of graphene and graphene

related materials in various of substrate, therefore we know that the G? band

is also the intrinsic peak in Raman spectra of monolayer graphene. Previous

works about G? band done by T. Shimada et al. [14] and Saito et al. [8]

assigned the G? band based on the phonon energy dispersion, and also one

of previous work calculated Raman intensity, therefore can not reproduce

the experimental result [8]. However understanding the G? band process is

important, because we can prove that the used model to calculate Raman

intensity is correct and we can use the model to calculate the raman intensity

for various purposes.

Experimental result shows the peak position of G? and G′ bands are sen-

sitive to the laser energy. This behavior usually happen in double resonance

Raman process [6].

2.2 Raman spectroscopy in graphene

The inelastic scattering process originates from several physical processes,

for example; the vibrations of lattice (phonons) and electron excitations

(excitons). In the case of graphene and graphene related materials, phonon
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Figure 2.2 Stokes and anti-stokes processes in Raman spectroscopy, stokes process
creates a phonon while anti-stokes process destroys a phonon. Anti-stokes signal
is usually weaker than the stokes process.

gives the dominant contribution for the observed Raman spectra. In the

inelastic scattering, the incident photon can increase or decrease by creating

(stokes process) or destroying (anti-stokes) a phonon as shown in Fig.2.2.

However, the anti-stokes signal is usually weaker than the stokes process,

therefore we just focus on the stokes spectra [6]. The energy axis in the

Raman spectra is usually expressed in unit of cm−1. This energy unit is also

called the spectroscopic wavenumber and can be calculated using ν = 1
λ .

The energy conversion is 1 eV = 8065.5 cm−1.

In the Raman spectroscopy, the order of Raman process is given by the

number of inelastic scattering events of a photo-excited electron [26]. How-

ever, there are two most used processes, such as first-order and second-order

Raman processes. The first-order Raman process is defined by one phonon

emission during the scattering process. The second-order Raman process

associated with two phonon emission. Two phonon process can be either

overtone of the same phonon mode or combinations of the phonon modes.

In this master thesis, we just consider first and second-order Raman pro-

cesses.

Fig. 2.2: picuse/stokesanti.eps
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2.3 First-order Resonance Raman

The first-order Raman process is the Raman process where the photon energy

excitation creates one phonon in the crystal with very small momentum

q ≈ 0. The physical process of first-order resonance Raman is explained

as follows; an electron with wave-vector k in an initial state i is excited by

an incident photon with energy EL from the i state to an excited m state

by the absorption of an excitation energy (Em − Ei). If the m state is a

real electronic state, the light absorption is the resonance process. This

photoexcited electron will be further scattered by a q ≈ 0 phonon with

frequency ωq to a virtual state m′, and decay back to state i by emitting

scattered light as shown in Fig. 2.3(a). the detailed explanation about the

first-order Raman process will be given in Section 4.1.

Figure 2.3 The Raman scattering process with laser excitation energy EL, initial
state i, excited state m, and intermediate states m′ and m′′. (a) One-phonon
first-order Raman scattering process. Two-phonon second order resonant Raman
processes (b) intravalley (c) intervalley.

2.4 Second-order Raman process

In second-order Raman process, the photo-excited electron is scattered two

times. The photo-excited electron is scattered by either emitting a phonon or

Fig. 2.3: picuse/firstandsecond.eps
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defect process. In this master thesis, we only consider the phonon scattering

process.

There are three intermediate electronic states in second order Raman

processes (see Fig.2.3(b) and (c)) ; (1) excited state m , (2) the intermediate

state m′ at k+ q at K ′ point, and (3) the second intermediate state back to

the K point, m′′. This two-scattering amplitude process is expressed by per-

turbation theory, in which there are four matrix elements, consist of two for

photon absorption and emission, two for phonon emission or absorption (see

chapter 3). The denominator consist of three energy difference factor,and

these term correspond to energy conservation. We call a process containing

two resonance denominators as double resonance Raman [26].

The physical process of second order Raman in graphene is given as

follows. Photon with given energy is coming on monolayer graphene, an

electron in the valence band excites to the conduction band vertically in

momentum space. We always have an electron with wave vector k which

has resonant condition EL = Ec(k) − Ev(k) for any laser energy, because

graphene does not has an energy gap. The photo-excited electron with wave

vector k then scattered by emitting a phonon with wave vector q to a state

k - q as shown in Fig. 2.3 (b) and (c). Then electron scattered to state m′′

by emitting the second phonon with wave vector -q. Then finally electron

comes back to initial state by emitting a photon.

Scattering phonon process can be either intravalley scattering or inter-

valley scattering. The intravalley scattering process is the scattering process

in the same valley, while the intervalley process involves two valley K and

K ′ points in the Brillouin zone. The phonon emission in Fig. 2.3(b) is in-

travalley and in Fig. 2.3(c) is intervalley scattering, because the phonon

wave vector q connects two energy bands at the K and K ′ points in the

Brillouin zone. The intensity formula for second-order Raman process will

be given in Section 4.1.
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2.5 Assignment Raman spectra in graphene

The experimental result of Raman spectra shows there are four peaks, such

as D, G,G?, and G′ bands as shown in Fig. 1.1. All of these bands were

already assigned in previous works. Study about these bands are successful

to reproduce the experimental result, however G? band assignment is not

established yet. Thus, there was calculation work about G? band, but previ-

ous work did not reproduce the experimental result of G? band in monolayer

graphene [8, 14, 15].

The D band process is second-order resonance Raman process, it involves

one phonon scattering process and one defect, as a consequence the D band

is only appear if the defect is exist. The phonon mode correspond to D band

is longitudinal optic (LO) or in-plane transverse optic (iTO) modes. In this

master thesis, we will not discuss about the D band.

G band process is first-order Raman process. Phonon which contributing

to G band is iTO or LO phonon at Γ point, since LO and iTO degenerate

in Γ point [6].

Based on previous work, there are four possible assignments for the G?

band [8, 14]. previous work mentioned that the G? band is second-order

Raman process. The four possible processes are (1) overtone of LO phonon

at q = 0 measured from K point, (2) LO and TO combination phonon mode,

at q = 0 measured from K point, (3) TO and LA combination phonon modes

at q = 2k measured from K point, and (4) overtone of iTO phonon at q = 0

measured from K point. The definition of q = 0 and q = 2k will be given in

Chapter 4. In this master thesis, we will calculate Raman spectra of G? band

based on the all possibilities, and we will conclude the G? band process.

G′ band process is intervalley second-order Raman process. Phonon

which contributing to G′ band is overtone of iTO phonon with phonon wave

vector q = 2k measured from K point.





Chapter 3

Basics properties of graphene

Basic physical properties of graphene is reviewed in this chapter. The

geometrical structure, electronic properties and vibrational properties of

graphene will be discussed in this chapter. The electronic structures is de-

rived by simple and extended tight-tight binding approximation. The vibra-

tional structure is obtained from force constant model up to the twentieth

nearest neighbors.

3.1 Geometrical structure of graphene

Graphene is a two-dimensional (2D) material of carbon in a honeycomb

lattice. In Fig.3.1 (a) we show the unit cell of graphene. The nearest-

neighbor distance of two carboms of graphene is 1.42 Å (acc). Lattice vectors

a1 and a2 are defined as


a1 =

√
3a

2
x̂ +

a

2
ŷ,

a2 =

√
3a

2
x̂− a

2
ŷ,

(3.1)

where a =
√

3 acc = 2.46 Å is the lattice constant of graphene layer. x̂ and

ŷ are the unit vectors in x and y directions of graphene layer, respectively as

Fig. 3.1: picuse/unit.eps
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Figure 3.1 (a) The unit cell of graphene is shown as the dotted rhombus. The red
and blue dots in the dotted rhombus represent the A and B sublattices, respectively.
The unit vectors a1 and a2 are shown by arrows in the x, y coordinates system. (b)
The first Brillouin zone is represented by a shaded region. The reciprocal lattice
vectors b1 and b2 are shown by arrows in the kx, ky coordinates. (c) The first
Brillouin zone of (b) labels Γ, K, K′, and M indicate the high symmetry points.
In general, energy dispersion relations are plotted along the edge of the dotted
triangle connecting the high symmetry points, Γ, K and M [30].

shown in Fig. 3.1(a). The angle between two unit vectors a1 and a2 is 60◦.

The unit cell consists of two distinct carbon atoms A and B, respectively, by

red and blue dots in Fig. 3.1 (a).

The reciprocal lattice vectors bj , (j = 1, 2) are related to the real space

vectors a1 and a2 according to the following definition:

ai · bj = 2πδij , (3.2)

where δij is the Kronecker delta. The reciprocal unit vectors b1 and b2 are

given by: 
b1 =

2π√
3a

x̂ +
2π

a
ŷ,

b2 =
2π√
3a

x̂− 2π

a
ŷ,

(3.3)

where the size of angle between unit vectors b1 and b2 is 120◦ in Fig. 3.1 (b).

In the Brillouin zone as shown in Fig. 3.1 (c), Γ (center), K, K ′,(corners of

hexagonal) and M (center of edges) denote the high symmetry points.
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3.2 Electronic structure

We review the simple tight-binding (STB) model which has important role

to understand the electronic structure of graphene. In order to get the better

result which agree with experimental result, we need to extend STB model

by including the long-range atomic interaction and the σ molecular orbitals,

and by optimizing the geometrical structure. This extends process is called

extended tight-binding (ETB) method.

Carbon is the sixth element of the periodic table. A carbon atom has

six electrons, denoted by 1s22s22p2; two electrons fill the inner shell 1s

and four electrons occupy in the outer shell of 2s and 2p (2px, 2py, and

2pz) orbitals. In graphene, the π electrons in the 2pz orbital are valence

electrons which are contribute to the transport and other optical properties.

The π electron has energy band structure around the Fermi energy, as a

consequence electrons can be optically excited by visible or UV light from

the valence band (π) to conduction band (π∗). We can obtain the electronic

energy dispersion relations that consists 2s and 2p of graphene by solving

the Scrödinger equation :

ĤΨb(k, r, t) = i~
∂

∂t
Ψb(k, r, t), (3.4)

where Ĥ, the single-particle Hamiltonian operator is given by the following

expression:

Ĥ = − ~2

2m
∇2 + U(r), (3.5)

where ∇, ~, m, U(r) and Ψb(k, r, t), respectively, denote the gradient opera-

tor, the Planck’s constant, the electron mass, the effective periodic potential,

and one electron wave function. b (= 1, 2, ..., 8) is the electron energy band

index, k is the electron wave vector, r is the spatial coordinate, and t is time.

The one electron wave function Ψb(k, r, t) is constructed from four atomic

orbitals, 2s, 2px, 2py, and 2pz, for two inequivalent carbon atoms at the

sublattice A and B as shown in Fig. 3.1(a). The one electron wave function
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is approximated by a linear combination of atomic orbitals (LCAO) in the

term of Bloch wave function [31]:

Ψb(k, r, t) = eiE
b(k)t/~

A,B∑
s

2s,...,2pz∑
o

Cbso(k)Φso(k, r), (3.6)

where Eb(k) and Cbso are respectively the one electron energy, and the wave

function coefficient for the Bloch function Φso(k, r). The Bloch wave function

Φso(k, r) is given by a sum over the atomic wave function φo(r) for each

atomic orbital of a sublattice A or B at the u-th unit cell in a graphene:

Φso(k, r) =
1√
U

U∑
u

eik·Rusφo(r −Rus), (3.7)

where the index u (= 1, ..., U) represent summation of all the U unit cells

in graphene and Rus is the atomic coordinate for the u−th unit cell and

s−th atom. The electron wave function Ψb(k, r, t) should satisfy the Bloch’s

theorem, as a consequence the summation in Eq. (3.6) should taken only

for the Bloch wave function Φso(k, r) with the same value of k. The energy

(eigen value) Eb(k) as a function of k is given by:

Eb(k) =
〈Ψ(k)|Ĥ|Ψ(k)〉
〈Ψ(k)|Ψ(k)〉

. (3.8)

Substituting Eq. (3.6) into Eq. (3.8), we can obtain the following equation :

Eb(k) =

∑
s′o′

∑
so

Cb
∗

s′o′(k)Hs′o′so(k)Cbso(k)∑
s′o′

∑
so

Cb
∗

s′o′(k)Ss′o′so(k)Cbso(k)
. (3.9)

The transfer integral Hs′o′so(k) and overlap integral Ss′o′so(k) matrices are

defined by:

Hs′o′so(k) =
1

U

U∑
u

eik·(Rus−Ru′s′ )
∫
φ∗o′(r −Ru′s′)Hφo(r −Rus)dr,

Ss′o′so(k) =
1

U

U∑
u

eik·(Rus−Ru′s′ )
∫
φ∗o′(r −Ru′s′)φo(r −Rus)dr.

(3.10)
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The wave function coefficient Cb
∗

s′o′(k) should be optimized so as to minimize

Eb(k). The coefficient Cb
∗

s′o′(k) as a function of k is a complex variable and

both Cb
∗

s′o′(k) and Cbso(k) are independent each other. In order to get the

variational condition for finding the minimum of the ground state energy

[30] :
∂Eb(k)

∂Cb
∗
s′o′(k)

= 0. (3.11)

By substituting the ground state energy Eb(k) from Eq. (3.8) into Eq.

(3.11), Eq. (3.11) we can obtain:

∂Eb(k)

∂Cb
∗
s′o′(k)

=

∑
so

Hs′o′so(k)Cbso(k)∑
s′o′

∑
so

Cb
∗

s′o′(k)Ss′o′so(k)Cbso(k)

−

∑
s′o′

∑
so

Cb
∗

s′o′(k)Hs′o′so(k)Cbso(k)(∑
s′o′

∑
so

Cb
∗

s′o′(k)Ss′o′so(k)Cbso(k)
)2

∑
so

Ss′o′so(k)Cbso(k)

=

∑
so

Hs′o′so(k)Cbso(k)− Eb(k)
∑
so

Ss′o′so(k)Cbso(k)∑
s′o′

∑
so

Cb
∗

s′o′(k)Ss′o′so(k)Cbso(k)

= 0.

(3.12)

By multiplying both side of eq. (3.12) with
∑
s′o′

∑
so

Cb
∗

s′o′(k)Ss′o′so(k)Cbso(k),

(3.12) becomes more simple :∑
so

Hs′o′so(k)Cbso(k)− Eb(k)
∑
so

Ss′o′so(k)Cbso(k) = 0. (3.13)

Eq. (3.13) is expressed in the matrix form when we define the Cbso(k) as a

column vector, then we can get :

Cb(k) =


Cb2sA
...

Cb2pBz

 , (b = 1, · · · , 8).

(
H(k)− Eb(k)S(k)

)
Cb(k) = 0,

(3.14)
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The eigenvalues are calculated by solving the secular equation for given k:

det
[
H(k)− Eb(k)S(k)

]
= 0. (3.15)

The solution of (3.15) gives eight eigenvalues for the energy band index

b = 1, · · · , 8 for a given electron wave vector k. By considering only four

atomic orbitals for each atom carbon (2s, 2px, 2py, 2pz) and there are two

carbon atomic sites (A,B) per unit cell of a graphene, we can obtain the

8×8 Hamiltonian Hs′o′so(k) and overlap Ss′o′so(k) matrices. These matrices

can be expressed by 2× 2 sub-matrix for two sub-atoms:

H(k) =

HAA(k) HAB(k)

HBA(k) HBB(k)

 and S(k) =

SAA(k) SAB(k)

SBA(k) SBB(k)

 , (3.16)

where HAA (HBB) and HAB (HBA) are expressed by 4 × 4 sub-matrix for

four orbitals (2s, 2px, 2py, 2pz). The matrix elements between 2pz orbital

and 2s, 2px, and 2py are zero because of the odd (even) function 2pz (2s,
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2px, and 2py) of z for the both cases of HAA (HBB) and HAB (HBA):

HAA(k) =


〈2sA|H|2sA〉 〈2sA|H|2pAx 〉 〈2sA|H|2pAy 〉 〈2sA|H|2pAz 〉

〈2pAx |H|2sA〉 〈2pAx |H|2pAx 〉 〈2pAx |H|2pAy 〉 〈2pAx |H|2pAz 〉

〈2pAy |H|2sA〉 〈2pAy |H|2pAx 〉 〈2pAy |H|2pAy 〉 〈2pAy |H|2pAz 〉

〈2pAz |H|2sA〉 〈2pAz |H|2pAx 〉 〈2pAz |H|2pAy 〉 〈2pAz |H|2pAz 〉



=


〈2sA|H|2sA〉 0 0 0

0 〈2pAx |H|2pAx 〉 0 0

0 0 〈2pAy |H|2pAy 〉 0

0 0 0 〈2pAz |H|2pAz 〉


= HBB(k),

HAB(k) =


〈2sA|H|2sB〉 〈2sA|H|2pBx 〉 〈2sA|H|2pBy 〉 〈2sA|H|2pBz 〉

〈2pAx |H|2sB〉 〈2pAx |H|2pBx 〉 〈2pAx |H|2pBy 〉 〈2pAx |H|2pBz 〉

〈2pAy |H|2sA〉 〈2pAy |H|2pAx 〉 〈2pAy |H|2pBy 〉 〈2pAy |H|2pBz 〉

〈2pAz |H|2sA〉 〈2pAz |H|2pBx 〉 〈2pAz |H|2pBy 〉 〈2pAz |H|2pBz 〉



=


〈2sA|H|2sB〉 〈2sA|H|2pBx 〉 〈2sA|H|2pBy 〉 0

〈2pAx |H|2sB〉 〈2pAx |H|2pBx 〉 〈2pAx |H|2pBy 〉 0

〈2pAy |H|2sA〉 〈2pAy |H|2pAx 〉 〈2pAy |H|2pBy 〉 0

0 0 0 〈2pAz |H|2pBz 〉


= TH∗BA(k).

(3.17)

Because the atomic orbital 2s, 2px, and 2pz are even function of z, which

parallel to the graphene layer, and 2pz is an odd function of z, these matrices

can be partitioned into the 6×6 and 2×2 sub-matrices corresponding to the σ

and π orbitals in the graphene case. In the case of simple tight-binding (STB)

Model, the σ molecular orbitals and the long-range atomic interactions in

the π bonding for R > aCC are neglected. Thus in the STB, we only solve

a 2 × 2 sub-matrix to obtain the energy dispersion relation EB(k). We
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consider only nearest-neighbor interactions only, and the integration over a

single atom in HAA(k) and HBB(k): The matrix Hamiltonian is given by :

HAA(k) =
1

U

U∑
u

eik·(RuA−Ru′A)

∫
φ∗π(r −Ru′A)Hφπ(r −RuA)dr

=
1

U

U∑
u=u′

ε2p +
1

U

U∑
RuA=Ru′A±a

e±ika
∫
φ∗π(r −Ru′A)Hφπ(r −RuA)dr

+(terms equal to or more distance than RuA = Ru′A ± 2a)

= ε2p + (terms equal to or more distance than RuA = Ru′A ± a).
(3.18)

The maximum contribution to the matrix element HAA(k) comes from u =

u′, as a consequence it gives the orbital energy of the 2p level, ε2p. For sim-

plicity in this calculation the next order is neglected . The absence of nearest-

neighbor interactions within the same unit cell atom A or B yields the diago-

nal Hamiltonian and overlap matrix elements, HAA(k) = HBB(k) = ε2p and

SAA(k) = SBB(k) = 1. For the HAB(k) and the SAB(k) matrix elements,

the inter-atomic vectors RnA from A atom site to its three nearest-neighbor

B atoms (n = 1, 2, 3) in Eq. (3.10) are given as follows (see Fig. 3.2):

r1
A = (

1√
3
, 0)a, r2

A = (− 1

2
√

3
,

1

2
)a, r3

A = (− 1

2
√

3
,−1

2
)a,

r1
B = (− 1√

3
, 0)a, r2

B = (
1

2
√

3
,−1

2
)a, r3

B = (
1

2
√

3
,

1

2
)a,

(3.19)

where a is the lattice constant of graphene. According to the geometry

of graphene, rnA = −rnB . By substituting (3.19) into (3.10), we can obtain

Fig. 3.2: picuse/vectorconecting.eps
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Figure 3.2 Vectors connecting nearest neighbor atoms in graphene for A and B
atoms. The vectors are given in Eq. (3.19).

the matrix elements:

HAB(k) =
1

U

U∑
u

eik·(RuB−Ru′A)

∫
φ∗π(r −Ru′A)Hφπ(r −RuB)dr

= t

3∑
n

eik·R
n
A

= tf(k),

SAB(k) =
1

U

U∑
u

eik·(RuB−Ru′A)

∫
φ∗π(r −Ru′A)φπ(r −RuB)dr

= s

3∑
n

eik·R
n
A

= sf(k),

(3.20)

where t and s respectively are transfer integral and overlap integral between

the nearest-neighbor A and B atoms. f(k) is defined by starting from an A
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atom to the three nearest-neighbor B atoms. t, s and f(k) are given by :

t =

∫
φ∗π(r −Ru′A)Hφπ(r −RuB)dr,

s =

∫
φ∗π(r −Ru′A)φπ(r −RuB)dr,

f(k) = eikxa/
√

3 + 2e−ikxa/2
√

3 cos
(kya

2

)
.

(3.21)

The HBA(k) and SBA(k) matrix elements are derived by similar method

with inter-atomic vector rnB from B atom site to its three nearest-neighbor

A atoms, that is, HBA(k) = tf∗(k), and SBA(k) = sf∗(k). The H(k) and

S(k) are Hermite matrices. The secular equation Eq. (3.15) for H(k) and

S(k) can be written as follows: ε2p tf(k)

tf∗(k) ε2p

CbAπ(k)

CbBπ(k)

 = Eb(k)

 1 sf(k)

sf∗(k) 1

CbAπ(k)

CbBπ(k)

 .

(3.22)

The eigenvalues Eb(k) are obtained by solving the secular equation in Eq.

(3.15): ∣∣∣∣∣∣ ε2p − Eb(k) f(k)
(
t− sEb(k)

)
f∗(k)

(
t− sEb(k)

)
ε2p − Eb(k)

∣∣∣∣∣∣ = 0, (3.23)

Solving this secular equation yields the energy eigenvalue:
Ev(k) =

ε2p + tw(k)

1 + sw(k)
,

Ec(k) =
ε2p − tw(k)

1− sw(k)
,

(3.24)

where the band indexes b = v, c denote the valence and conduction bands,

(t < 0), (s > 0), and w(k) is the absolute value of the phase factor f(k),

that is, w(k) =
√
f∗(k)f(k) :

w(k) =

√
1 + 4 cos

(√3

2
kxa
)

cos
(1

2
kya
)

+ 4 cos2
(1

2
kya
)
. (3.25)

The overlap integral s is responsible for the asymmetry between the valence

and conduction energy bands. When the overlap integral s becomes zero

(s = 0), the valence and conduction bands become symmetrical around
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E = ε2p which can be understood from Eq. (3.24). By substituting the

energy eigenvalues Eb(k) of Eq. (3.24), the wave function coefficients CbA(k)

and CbB(k) for the energy bands b = v, c are yielded:
(
ε2p − Eb(k)

)
CbA(k) + f(k)

(
t− sEb(k)

)
CbB(k) = 0,

f∗(k)
(
t− sEb(k)

)
CbA(k) +

(
ε2p − Eb(k)

)
CbB(k) = 0,

therefore,
CvA(k) =

f(k)

w(k)
CvB(k) , CvB(k) =

f∗(k)

w(k)
CvA(k),

CcA(k) = − f(k)

w(k)
CcA(k) , CcB(k) = −f

∗(k)

w(k)
CcA(k).

(3.26)

The orthonormal conditions for the electron wave function of Eq. (3.6) can

be expanded in terms of Bloch wave functions:

〈Ψb′(k, r, t)|Ψb(k, r, t)〉

=

A,B∑
s′

A,B∑
s

Cb
′

s′
∗
(k)Cbs(k)Ss′s(k)

= Cb
′

A

∗
(k)CbA(k) + sf(k)Cb

′

A

∗
(k)CbB(k) + sf∗(k)Cb

′

B

∗
(k)CbA(k) + Cb

′

B

∗
(k)CbB(k)

= δb′b, (b′, b = v, c).

(3.27)

Thus, we obtain the wave function coefficients CbA(k) and CbB(k) for π elec-

trons which are related to each other by complex conjugation, for the valence

band b = v,

CvA(k) =

√
f(k)

2w(k)(1 + sw(k))
, CvB(k) =

√
f∗(k)

2w(k)(1 + sw(k))
, (3.28)

for the conduction band b = c,

CcA(k) =

√
f(k)

2w(k)(1− sw(k))
, CcB(k) = −

√
f∗(k)

2w(k)(1− sw(k))
. (3.29)

The STB method is simple method and give good agreement with the

first principle calculation if the value of transfer integral t = −3.033 eV,

overlap integral s = 0.129eV [30].
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Table 3.1: Tight binding parameters of graphene obtained from a fit to first prin-
ciples calculations [30]. ε2s is defined relative to the setting ε2p = 0.

bond H value (eV) S value
ssσ H2s2s −6.769 S2s2s 0.212
spσ H2s2p −5.580 S2s2p 0.102
ppσ Hppσ −5.037 Sppσ 0.146
ppπ Hppπ = t −3.033 Sppπ = s 0.129

ε2s −8.868

Figure 3.3 Energy dispersion relations of a graphene for π bands given by Eq.
(3.24), transfer integral t = −3.033 eV, overlap integral s = 0.129 eV, and atomic
orbital energy ε2p = 0 eV, (a) 3D figure for the whole region of the Brillouin zone,
(b) near the K point, the energy dispersion shows the linear disperison (c) along
the high symmetry direction of K − Γ −M −K − Γ (Fig. 3.1), the valence and
conduction bands are denoted by v and c, respectively[30].

In the case of the extended tight-binding (ETB), we need to solve the

equation in Eq. (3.17). The matrix elements in Eq. (3.17) are given by Eq.

(3.30). The numerical values of Hso and Sso in Eq.(3.30) are listed in Table

3.1. We solve the Eq. (3.15) and plot the energy dispersion as shown in Fig.

3.4. If we use simple tight-binding (STB), we just obtain π and π? bands as

shown in Fig.3.3, but by using extended tight binding we can obtain eight

Fig. 3.3: picuse/dispersion.eps
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bands, such as σSS , π, σPP + π?, π?, σ?PP + π and σ?SS .

〈2sA|H|2sB〉 = H2s2s(p1 + p2 + p3)

〈2pA
x |H|2sB〉 = H2s2p

(
p1 −

p2

2
− p3

2

)
〈2pA

y |H|2sB〉 =

√
3

2
H2s2p (−p2 + p3)

〈2sA|H|2pB
x 〉 =

√
3

2
H2s2p(−p1 +

p2 + p3

2
)

〈2pA
x |H|2pB

x 〉 = Hσ

(
−p1 − p2 − p3

4

)
+

3

4
Hπ(p2 + p3)

〈2pA
y |H|2pB

x 〉 =

√
3

4
(Hσ +Hπ) (p2 − p3)

〈2sA|H|2pB
y 〉 =

√
3

2
H2s2p(−p2 + p3)

〈2pA
x |H|2pB

y 〉 =

√
3

4
(Hσ +Hπ) (p2 − p3)

〈2pA
y |H|2pB

y 〉 = −3

4
Hσ(p2 + p3) +Hπ

(
p1 +

p2 + p3

4

)

〈2pA
z |H|2pB

z 〉 = Hπ (p1 + p2 + p3) .

(3.30)

For the on–site elements in HAA and HBB , we define

〈2sA|H|2sA〉 = 〈2sB|H|2sB〉 = εs, 〈2pA|H|2pA〉 = 〈2pB|H|2pB〉 = 0.

(3.31)

Unlike the most ordinary semiconductors, the energy band structure of

graphene shows the linear k dependence around the K and K ′ points near

the Fermi level (E = 0), as can be seen in Fig. 3.3. The energy dispersion

of graphene also shows graphene does not has an energy gap between the

valence and conduction bands, but the valence and conduction bands do

not overlap each other. Around the K point in the first Brillouin zone,

the electron wave vector k is written to the form kx = ∆kx and ky =

−4π/(3a) + ∆ky, where ∆kx,∆ky � 1/a. Substituting these wave vectors

into Eq. (3.25) and approximating the cosine function up to the second order

Fig. 3.4: picuse/sigma-band.eps
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Figure 3.4 The σ and π bands of graphene within extended tight-binding method
along the K−Γ−M −K direction. In K point π and π? bands, touch each other.

in the Maclaurin series as functions of ∆kxa and ∆kya, we can obtain w as

a function of ∆k (distance from the K point),

w(k) =

√
1 + 4 cos

(√3

2
∆kxa

)
cos
(
−2

3
π +

1

2
∆kya

)
+ 4 cos2

(
−2

3
π +

1

2
∆kya

)

≈
√

3

2
∆ka,

(
∆k =

√
∆k2

x + ∆k2
y , cosx = 1− x2

2!
+
x4

4!
− x6

6!
+ · · ·

)
,

(3.32)

and then the energy dispersion relations for the valence and conduction

bands are yielded by substituting w into Eq. (3.24):
Ev(∆k) = ε2p −

√
3

2
(ε2ps− t)a∆k,

Ec(∆k) = ε2p +

√
3

2
(ε2ps− t)a∆k.

(3.33)

Eq. (3.33) shows that the energy band for the valence and conduction band

are linear in ∆k.
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3.3 Phonon energy dispersion

Phonon energy dispersion are important information to study vibrational

phenomena. From the phonon energy dispersion, we can get some informa-

tion, such as mechanical, thermal, and other condensed matter phenomena

[32]. We calculate the phonon energy dispersion by using the force constant

model up to the twentieth nearest neighbors. In the unit cell of graphene con-

sist of two atoms, A and B atoms, there are six branches in the phonon dis-

persion relations. They are out-of-plane transverse acoustic (oTA), in-plane

transverse acoustic (iTA), longitudinal acoustic (LA), out-of-plane trans-

verse optic (oTO), in-plane transverse optic (iTO) and longitudinal optic

(LO) as shown in Fig. 3.5. Three of them (LA, iTA, and oTA) are acoustic

modes because of the three freedom degree in x, y and z axis. The others

three (LO, iTO, and oTO) are optical branch.

Figure 3.5 Illustration of the atomic vibration in unit cell of monolayer graphene.
There are six phonon branches.

The phonon dispersion relations are calculated using a force constant

model, in which the i–th atom is connected to its j–th neighbor atom through

a force constant tensor K(ij). The components of the force constant tensors

are made from the force constants. Since the force between two atoms de-

creases with increasing inter–atomic distance, interactions can be neglected

Fig. 3.5: picuse/phononbranch.eps
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for a longer distance than the cut–off radius. The equation of motion for

the displacement of the i–th atom, measured from the equivalent position

ui = (xi, yi, zi) for N atom in unit cell is given by

Miüi =
∑
j

K(ij)(uj − ui), (i = 1, · · · , N), (3.34)

Where Mi and K(ij) respectively represent mass of the i–th atom and 3× 3

force constant tensor between i–th and j–th atoms. The summation over

j is taken over the twentieth nearest neighbor atoms [33, 34]. Now we can

perform the Fourier transform of the displacement of the i–th atom with the

wave number q to obtain the normal mode displacement ui(k)

ui(k) =
1√
NΩ

∑
q′

e−i(q
′·Ri−ωt)u′q , uq(k) =

1√
NΩ

∑
Ri

e−i(q·Ri−ωt)ui

(3.35)

where Nσ is the number of unit cell in the solid, summation is taken over

all wave vector q′ in the first Brillouin zone. Ri denotes the atomic position

of the ith atom in the crystal. We assume the same eigen frequencies ω for

all ui. By substituting üi(k) = −ω(k)2ui(k) to the equation of motion in

Eq. (3.34) and by defining 3N × 3N dynamical matrix D(q)

D(q)uq = 0. (3.36)

In order to obtain the eigenvalues ω2(q) for D(q) and non trivial condition

uq 6= 0, we solve the secular equation det D(q) = 0 for given q vector. It

is convenient to divide the dynamical matrix D(q) into small 3× 3 matrices

D(ij)(q). The dynamical matrix D(ij)(q) defined by

D =

 DAA DAB

DBA DBB

 , (3.37)

Fig. 3.6: picuse/phonondisp.eps
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Figure 3.6 Phonon energy dispersion relation of graphene force constant model
up to twentieth nearest neighbor atoms (black lines) fitted with experiment data
of the X-ray inelastic scattering in graphene (red dots) by A. Grüneis et al [35],
plotted along high symmetry direction. Inset shows the Phonon frequency near
the K point.

with

D(ij)(q) =

∑
j′′

K(ij′′) −Miω
2(q)I

 δij −
∑
j′

K(ij′)eiq·∆Rij′ , (i, j = A,B)

(3.38)

where the sum over j′′ is taken over all neighbor sites from the i–th atom

with K(ij′′) 6= 0, and the sum over j′ is taken for the equivalent sites to the

j–th atom. The first two terms of Eq. (3.38) have non-vanishing values only

when i = j, and the last term appears only when the j–th atom is coupled

to the i–th atom through K(ij) 6= 0.

In a periodic system, the dynamical matrix elements are given by the

product of the force constant tensor K(ij) and the phase difference factor

eik·∆Rij , with ∆Rij being the distance vector between atoms i and j. This

situation is similar to the case of the tight binding calculation for the elec-

tronic structure where the matrix element is given by the product of the
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atomic matrix element and the phase difference factor.

Each shell has three different kinds force constants for in–plane radial

r (along bond direction), in–plane transverse (ti) (perpendicular to bond

direction) and out–of–plane movements (To). Within a given shell, we put

one atom on the x axis with coordinate of the radius of the shell. Then we

can rotate the force constant tensor to any atom position on that shell by a

rotation matrix Um around the z axis perpendicular to the graphene plane.

For the first shell Um for the interaction of the type A atom with a Bm atom

(m = 1, 2, 3) is given by [30]

Um =


cos θm sin θm 0

− sin θm cos θm 0

0 0 1

 . (3.39)

The force constant tensors in the first shell can be calculated using

K(A,Bm) = U−1
m K(A,B1)Um, (m = 2, 3). (3.40)

For m = 1, Um is the unity matrix and the force constant tensor has only

diagonal elements and is given by

K(A,B1) =


φ

(1)
r 0 0

0 φ
(1)
ti 0

0 0 φ
(1)
to

 . (3.41)

The force constant between an atom in the center and an atom on the positive

x axis in the n–th shell shall be φ(n)
r for in–plane radial, φ(n)

ti for in–plane

tangential and φ(n)
to for out–of–plane plane vibrations.

The values of the force constant are obtained by fitting the 2D phonon

dispersion relation over Brillouin zone as determined experimentally, as for

an example from the energy loss spectroscopy and inelastic neutron scatter-

ing [33, 36].

In Fig. 3.6, we show the phonon energy dispersion curve for monolayer

graphene were fitted to the experimental data of the x-ray inelastic scattering
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[35]. We notice that the calculated phonon dispersion for the iTO branch

which is the highest phonon energy near the K point, gives larger phonon

energy around the K point than experimental results. However, all previous

calculation show iTO phonon frequency near the K point is always higher

than experiment [36, 37, 38]. The difference between experiment and theory

might be come from failure of the adiabatic approximation, known as the

Kohn-anomaly effect [7]. Since the iTO phonon dispersion near the K point

is correspond to the G′ band and G? band, we will get higher calculated G′

and G? bands peak positions.





Chapter 4

Calculation method

In this chapter, we reviewed how to calculate Raman intensity of monolayer

graphene graphene based on the first-order Raman process and the second-

order Raman process. In order to calculate Raman intensity, we calculate

electron-photon and electron-phonon matrix elements. So we also reviewed

electron-photon and electron-phonon interactions, which was previously de-

veloped by Dr. J. Jiang [21], Dr. Jin Sun Park [39] and Dr. Alexander

Grüneis [32] in our group.

4.1 Raman intensity calculation

We reviewed the Raman intensity calculation for first-order Raman process

and for second-order Raman process. The G band Raman is first-order pro-

cess. The G′ and G? bands are the example of second-order Raman process.

In order to calculate Raman intensity in Eq.(4.1) and Eq. (4.2), we need

information about the phonon frequency. The phonon energy dispersion was

calculated using force-constant tight binding model up to twentieth nearest

neighbor, in which each atom is connected to its neighbor atom through a

force constant tensor [33, 40] as explained in Section 3.3. Because there is

a discrepancy near K point in the phonon energy dispersion, we also use

35
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Figure 4.1 (a) One-phonon first-order Raman process, and (b) two-phonon second-
order process. Resonance points are shown as solid circle [6].

Quantum Espresso to calculate the phonon energy dispersion. For simplic-

ity we only consider electron-phonon scattering, and we neglect hole-phonon

scattering process. According to the Raman intensity formula for first and

second order processes [Eqs. (4.1) and (4.2)], the denominator corresponds

to the peak positions and the numerator corresponds to intensity.

4.1.1 First-order resonance Raman spectroscopy

The order of Raman process is given by the number of inelastic scattering

events that involved in the Raman process [26]. The first-order Raman

process is the Raman process where the photon energy excitation creates one

phonon in the crystal with very small momentum q ≈ 0. Here the resonance

means that the one (two) intermediate state is real electronic state (solid

dots in Fig. 4.1) for the first (second) order process.

An electron with wave-vector k in an initial state i is excited by an

Fig. 4.1: picuse/ch3-srdr.eps.eps
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incident photon with energy EL from the i state to an excited m state

by the absorption of an excitation energy (Em − Ei). If the m state is a

real electronic state, the light absorption is the resonance process. This

photoexcited electron will be further scattered by a q ≈ 0 phonon with

frequency ωq to a virtual state m′, and decay back to state i by emitting

scattered light.

Therefore, the first-order Raman intensity as a function of EL and phonon

energy ωq is given by third-order perturbation theory by [6, 26, 41, 42]

I(ωq, EL) =
∑
i

∣∣∣∣∣∣
∑
m,m′

Mop(k-q, im′)M ep(q,m′m)Mop(k,mi)
(EL − (Em − Ei) + iγr)(EL − ~ωq − (E′m − Ei) + iγr)

∣∣∣∣∣∣
2

,

(4.1)

γr denotes the broadening factor of the resonance event. The broadening

factor is related to the lifetime of the photoexcited electron in the excited

states, that is the lifetime for Raman scattering process, which is the time

delay between absorption of the incoming photon and emission of the outgo-

ing photon. Particularly γr is the inverse of the lifetime for the photoexcited

carrier [6]. The typical value of γr = 0.1 eV [26], which is independent of EL

for simplicity. However, when the EL increases, the lifetime of photoexcited

electron decreases, and the value of γr is expected to increase with increasing

EL [43, 44].

The physical process of first-order Raman is described by an electron at

wave vector k that is (1) excited by an electric dipole interactionMop(k,mi)

with the incident photon to make transition from i to m, then (2) the pho-

toexcited electron is scattered from the m state to the m′ state by emitting

a phonon with frequency ωq and wave-vector q = 0 through an electron-

phonon interaction, M ep(q,m′m), and finally (3) the photoexcited electron

goes back from m′ to the initial state i by emitting a photon, through the

electron-photon interaction, Mop(k-q, im′). There are two possibilities for

resonance condition EL = Emi (incindent resonance) and EL = Emi + ~ωq
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(scattered resonance) . The electron-photon and electron-phonon matrix

elements will be discussed in Section 4.2 and 4.3.

In the case of Graphene, the degenerate LO and iTO phonon modes at

Γ point are Raman active and they are related to the C-C bond stretching

mode [3, 6, 26, 45, 46, 47]. LO and iTO modes at Γ point appear around

1580 cm−1 and contribute to the G band process. Thus the G band is the

first-order Raman process.

Figure 4.2 The Raman scattering process with laser excitation energy EL, initial
state i, excited state m, and intermediate states m′ and m′′. (a) One-phonon
first-order Raman scattering process. Two-phonon second order resonant Raman
processes (b) intravalley (c) intervalley.

4.1.2 Second-order Raman process

The Raman process which contributing two inelastic scattering events is

called second-order Raman process. The story of second-order Raman pro-

cess is almost the same with first-order Raman process, however, in the

second-order Raman process we have two phonon scattering processes with

phonon wave vector q and −q. So that momentum conservation is possible

for q 6= 0. There are two types of second-order Raman process, such as

intravalley and intervalley processes as shown in Fig. 2.3(b) and (c).

However, The purpose of this section is to obtain formula for calculating

Raman spectra of G′ and G? band, as consequence we just discuss about

Fig. 4.2: picuse/firstandsecond.eps.eps
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two-phonons second-order Raman process.

The second-order Raman intensity as a function of EL and two phonons

energy ω1and ω2 is given by fourth-order perturbation theory by [6]

I(ω1 + ω2, EL) =
∑
i

∣∣∣∣∣ ∑
m,m′,m′′,ν,ν′

Mop(k, im′′)M ep(-q,m′′m′)
(EL − Emi − iγr)(EL − Em′i − ~ων1 − iγr)

M ep(q,m′m)Mop(k,mi)
(EL − Em′′i − ~ων1 − ~ων′2 − iγr)

∣∣∣∣∣
2

,

(4.2)

in which

Emi ≡ Em − Ei. (4.3)

In order to get two resonance conditions at the same time, an intermediate

state is always in resonance condition (EL = Em′ − Ei + ~ω1), and either

the incident resonance condition (EL = Em − Ei) or scattered resonance

(EL = Em′′i + ~ω1 + ~ω2) is satisfied.

4.1.3 Double Resonance Raman Process

Double resonance Raman scattering consist of (1) two-phonon scattering

processes and (2) one-phonon and one-elastic scattering processes [48]. Two

phonon scattered can be the same phonon mode (an overtone mode) or

different phonon modes (a combination phonon modes) [49, 50, 51].

Phonon wave vector q as shown in Fig. 4.3 is found by selecting an equi-

energy contour with the same incident laser energy around the K point and

another equi-energy contour around K ′ point after one phonon scattering.

The double resonant Raman scattering process for the G′ mode, as shown

in Fig. 2.3(b) and (c), is given as follows: (i) an electron with a wave-vector

k in an initial state i near the K point is excited by an incident photon from

the i to m state by the electron-photon interaction, Mop(k,mi), then (ii)

the photoexcited electron is scattered from m to m′ to another valley K ′
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by emitting a phonon with frequency ω1 and wave-vector q by the electron-

phonon interaction,M ep(q,m′m), (iii) the photoexcited electron is scattered

back from m′ to m′′ at the initial valley K by emitting a phonon with the

electron-phonon interaction M ep(-q,m′′m′), and finally (iv) the electron at

them′′ state recombines with a hole to the initial state i by emitting a photon

by the electron-photon interaction, Mop(k, im′′). All possible final states

for the phonon wave-vectors q of the double resonance Raman scattering

processes are illustrated as the shaded region in Fig. 4.3.

Figure 4.3 (a) Equi-energy contours for incident laser energy. Phonon wave vectors
q from the Γ point, q = kf − ki (b) The collection of all possible phonon wave
vectors, inside the black dashed circle for q = 0, and whole red lines for q = 2k.

In order to find the possibility of phonon wave vector as shown in Fig. 4.3, we

select an equi-energy contour with the same incident laser excitation energy

around the K point and another equi-energy contour around the K ′ point

after one phonon scattering. For each point in K point, it has whole circle

point intermediate state in the K ′ valley.

There are two conditions of phonon wave vector, q = 0 and q = 2k as

shown in Fig. 4.3(b). Where q is measured from the K point.

Fig. 4.3: picuse/qeq0.eps.eps
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4.2 Electron-photon interactions

The electron-photon interaction for optical transition in solid consists of

absorption and emission of photons. In the Raman spectra calculation, the

electron-photon coupling is important, in order to calculate Raman intensity,

we need to calculate the electron-photon matrix element.

4.2.1 Dipole approximation

The electron-photon interaction is obtained from time-dependent perturba-

tion theory. The Hamiltonian for a charged particle with charge e and mass

m in electromagnetic field is given by :

H =
1

2m
{−i~∇− eA(t)}2 + V (r), (4.4)

where A(t), and V (r) respectively represent vector potential and periodic

crystal potential. We separated the Hamiltonian terms, unperturbed Hamil-

tonian H0 = − ~2

2m∆ +V (r) and perturbed Hamiltonian Hopt. For simplicity

we neglect the quadratic term of A(t) in Eq. (4.4) and use the Coulomb

gauge ∇ ·A(t) = 0, The perturbation Hamiltonian of electron and causing

its its transition from valence to conduction bands, vice versa are given by :

Hopt,ρ =
ie~
m

Aρ(t) · ∇ with ρ = A or E. (4.5)

The ρ =A,E denotes absorption or stimulated emission of light, respectively

and determines the sign of ±iωt in the phase factors for electric and magnetic

components of the wave. The Maxwell equation, which we need is in the SI

units given as

∇×B = ε0µ0
∂E

∂t
. (4.6)

The electric that we used here is Eρ(t) = E0 exp[i(k · r± ωt)] and magnetic

fields is Bρ(t) = B0 exp[i(k · r ± ωt)]. Thus B = ∇ × A = ik × A and

∇ × B = ik × B. By using (A × B) × C = (A · C)B − (B · C)A, we can
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write :

∇×B = k2A =
1

c2
∂E

∂t
. (4.7)

Since E is a plane wave, we get ∂E/∂t = −iωE. By using k = ω/c relation,

then potential vector A in vacuum becomes

Aρ =
−iEρ
ω

. (4.8)

Where the energy density of the electromagnetic wave is denoted by Iρ, the

length of the Poynting vector is given by

Iρ =
EρBρ
µ0

=
E2
ρ

µ0c
. (4.9)

Here the unit of Iρ is [Joule/(m2sec)]. The vector potential can be written

in terms of light intensity Iρ, and polarization of the electric field component

P as

Aρ(t) =
−i
ω

√
Iρ
cε0

exp(±iωt)P . (4.10)

The “±” sign corresponds to emission(“+”) or absorption (“−”) of a photon

with frequency ω. Here ε0 is the dielectric constant of vacuum with units

[F/m]. The matrix element for optical transitions from an initial state ı at

k = kı to a final state f at k = kf is defined by

Mfı
optρ(kf ,kı) =

〈
Ψf (kf )|Hoptρ|Ψı(kı)

〉
. (4.11)

The matrix element in Eq. (4.11) is calculated by

Mfı
optρ(kf ,kı) =

e~
mωρ

√
Iρ
ε0c

ei(ωf−ωı±ωρ)tDfı(kf ,kı) ·P (4.12)

where

Dfı(kf ,kı) =
〈
Ψf (kf )|∇|Ψı(kı)

〉
(4.13)

is the dipole vector between initial states ı and final states f . Fermi’s golden

rule gives transition probability between the initial state ı and the final

state f for interaction time τ with the perturbation. For Ψf and Ψı, we
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put the tight binding wavefunctions of the π electrons in graphene. Using

Eqs. (4.5) and (4.10), we can write the optical absorption (A) and emission

(E) probability per one second as as a function of k.

W ρ=A,E(kf ,kı) =
4e2~4Iρ

τε0m2c3E2
laser

|P ·Dfı(kf ,kı)|2

×
sin2[(Ef (kf )− Eı(kı)± Elaser)

τ
2~ ]

(Ef (kf )− Eı(kı)± Elaser)2
(4.14)

Here, for absorption, ρ = A goes with the “−” sign and emission ρ =

E goes with the “+” sign of “±”. To derive Eq. (4.14), we considered the

light propagation in vacuum. The initial and final states can be valence or

conduction bands ı, f = v or c. The meaning of Iρ in Eq. (4.14) in the case of

absorption of light and in the case of stimulated light emission is the intensity

of the incoming light. The energy conservation Ef (kf )−Eı(kı)±Elaser = 0

is fulfilled for long interaction times τ because sin2(αt)
πα2t → δ(α) for τ →∞.

In summary, in this section we have shown that the optical absorption

intensity is proportional to the absolute square of the inner product of light

polarization with dipole vector.

W (kf ,kı) ∝
∣∣P ·Dfı(kf ,kı)

∣∣2 (4.15)

In the following we derive an expression for the dipole vector for transitions

connecting π and π∗ bands.

4.2.2 Dipole vector

The wave function can be expressed as the sum of bloch functions for 2pz

orbitals of carbon atoms at A and B sublattice, ΦA and Φb. Here we de-

compose ΦA and Φb into atomic orbitals with bloch phase vector. There is a

selection rules for the optical transition, the transition within a 2pz orbital

at the same atom is prohibited as a consequence of the odd symmetry of D

in z. The z component of Dfi is zero for all atomic matrix element, and the
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transition between nearest neighbor atoms, which are also because of the

odd symmetry of z component of Dfi. The dipole vector can be written as

Dfı(kf ,kı) = cf∗B (kf )cıA(kı) 〈ΦB(kf , r)|∇|ΦA(kı, r)〉

+ cf∗A (kf )cıB(kı) 〈ΦA(kf , r)|∇|ΦB(kı, r)〉 . (4.16)

The magnitude of the Dfi ·Pfi describes the polarization dependence of W ,

which is calculated on the electron-equi energy contour for Ef−Ei±Elaser =

0. The+ sign is for emission and − is for absorption of a photon. We

substitute the ΦA and Φb Bloch function, the Eq. (3.7) to the tight binding

atomic wave function. The coordinates of all atoms in crystal can be split

into Rj
A and Rj

B over the A and B sublattice, respectively. The vector which

connect nearest neighbour starting from A(B) atom is defined in Eq. (3.19).

Rj
A and Rj

B can be written as

Rj
A = Ri

B + r`B , Rj
B = Ri

A + r`A, (` = 1, 2, 3). (4.17)

By substituting Eq. (3.7) into Eq. (4.16), we can get

Dcv(kf ,kı) =
1

U

U−1∑
i=0

3∑
`=1

cc∗B (kf )cvA(kı) exp
[
i(kı − kf ) ·Ri

A

]
exp(−ikf · r`A)

〈
φ(r− r`A)|∇|φ(r)

〉
+

1

U

U−1∑
i=0

3∑
`=1

cc∗A (kf )cvB(kı) exp
[
i(kı − kf ) ·Ri

B

]
exp(−ikf · r`B)

〈
φ(r− r`B)|∇|φ(r)

〉
, (4.18)

where c and v denote the conduction and valence band, repsctively. The

summation over the atom Ri
A and Ri

B in Eq.(4.18) gives the selection rules

for k, only ki = kf has a value, so the only vertical transition is possible.

In the case of graphene the dipole vector is given by

Dfı(k) =
〈
Ψf (k)|∇|Ψı(k)

〉
. (4.19)
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The atomic dipole vector for A and B sublattice, vgA and vgB respectively,

are given by

vgA(k) = −
3∑
`

exp(−ir`A · k)

∫
φ∗(r− r`A)∇φ(r)dr

= −
√

3mopt

a

3∑
`

exp(−ir`A · k)r`A

vgB(k) = −
3∑
`

exp(−ir`B · k)

∫
φ∗(r− r`B)∇φ(r)dr

= −
√

3mopt

a

3∑
`

exp(−ir`B · k)r`B (4.20)

where a/
√

3 is the length of the r`B and r`A as defined in Eq. (3.19). mopt is

an atomic matrix element for nearest neighbor carbon pairs. mopt describes

the optical properties of π electrons in graphene and is given by

mopt =

〈
φ(r− r1

B)

∣∣∣∣ ∂∂x
∣∣∣∣φ(r)

〉
. (4.21)

Since the product of the atomic wavefunction and its derivative quickly de-

creases with increasing the distance between the atoms, we consider only

nearest neighbor coupling.

Since cc∗A c
v
B = −(cc∗B c

v
A)∗, which can be shown analytically by substitut-

ing the expressions for the wavefunction coefficients from Eq. (3.26), and

v∗gA(k) = −vgB(k). From 4.20 we can write the dipole vector from Eq. (4.18)

as Dcv(k) = cc∗B c
v
AvgA + cc∗A c

v
BvgB . Finally we get,

Dcv(k) = −2
√

3mopt

a
Re

[
cc∗B (k)cvA(k)

∑
l

exp(−irlA · k)rlA

]
. (4.22)

According to the Eq.(4.22), Dcv is a real value of vector and its direction is

depends on k. The oscillator strength O(k) in the unit of mopt is given by

O(k) =
√

Dcv∗(k) ·Dcv(k). (4.23)
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Figure 4.4 (a) Brillouin zone of graphene (b) The oscillator strength in units of
mopt as a funtion of k is plotted in the graphene Brillouin zone. The maximum
value of oscillator strength is in the M point.

In Fig.4.4, we show the oscillator strength plotted in the Brillouin zone. The

maximum value of O(k) lies at the M point and minimum value of O(k) lies

at the Γ point.

4.3 Electron-phonon interactions

The displacement of the atom around the equilibrium position contributes to

electron-phonon interaction. The displacement of the atom can be treated

in first-order time-dependent perturbation theory. In the Raman intensity

calculation, the electron-phonon information is very important, because the

electron phonon interaction contributes to the numerator, as can be seen

in Eqs.(4.2) and (4.1). The lifetime of photo-excited carrier also can be

calculated from the electron-phonon interaction [6]. The matrix element

of the electron-phonon interaction is determined by a scalar product of the

derivative of the periodic potential V with respect to an atomic displacement

vector in the ν-th phonon eigen vector [39, 52, 53, 54]. The electron-phonon

Fig. 4.4: picuse/dipolevector1.eps.eps
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interaction matrix element from an initial state ki to the final kf electronic

states can be written by

M b′νb
el−ph(kf ,q,ki) = 〈Ψb′(kf , r, t)|δV ν(q, r, t)|Ψb(ki, r, t)〉, (4.24)

where Ψb(kf , r, t) is the one-electron wave function in the b-th electronic

energy band of Eq. (3.6), δV ν is the variation of the periodic potential for

the ν-th phonon mode, which is expressed by the deformation potential ∇v:

δV ν(q, r, t) = −
∑
u′s′

∇v(r−Ru′s′) · Sν(Ru′s′), (4.25)

where v(r − Ru′s′) is the Kohn-Sham potential of a neutral pseudoatom

moving along Ru′s′ , and Sν(Ru′s′) is the site position deviation from the

equilibrium site Ru′s′ caused by a vibration:

Sν(Rus) =

√
~nν±(q)

2UMων(q)
eνs (q)e∓i

(
q·Rus−ων(q)t

)
, (4.26)

where M is the carbon atom mass, U is the number of two atom unit cells,

ων(q) is the ν−th phonon frequency, nν±(q) is the occupation number for

the phonon absorption (−) or phonon emission (+). The phonon occupation

number in the equilibrium position nν(q) is determined by the Bose-Einstein

distribution function,

nν(q) =
1

exp [ ~ων(q)/kBT ]− 1
, (4.27)

where T and kB , respectively, denote temperature and the Boltzman con-

stant. By substituting Bloch wave function Eq. (3.6), deformation potential

Eq. (4.25), and site position Eq.(4.26) into electron-phonon interaction ma-

trix element Eq. (4.24), we can obtain the electron-phonon matrix element

from ki in the b−th energy band to kf in the b′−th energy band coupled by

the ν−th phonon

M b′νb
el−ph(kf ,q,ki) = −

√
~nν±(q)

2UMων(q)
mb′νb

el−ph(kf ,q,ki). (4.28)
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In Eq. (4.28), mb′νb
el−ph(kf ,q,ki) is defined as following form:

mb′νb
el−ph(kf ,q,ki) =

∑
s′o′

∑
so

Cb
′∗

s′o′(kf )Cbso(ki)D
ν
s′o′so(kf ,q,ki), (4.29)

where Dν
s′o′so(kf ,q,ki) is the atomic deformation potential matrix element,

and defined as following form:

Dν
s′o′so(kf ,q,ki) =∑

u′′s′′

〈Φs′o′(kf , r)|∇v(r−Ru′′s′′) · eνs′′(q)e∓i
(
q·Ru′′s′′−ω

ν(q)t
)
|Φso(ki, r)〉,

(4.30)

where Φso(k, r) is the Bloch wave function in Eq. (3.7). By keeping only

two-center atomic matrix elements, Ru′′s′′ = Rus, Ru′′s′′ = Ru′s′ , and

Ru′s′ = Rus, we can split Eq. (4.30) into three terms:

Dν
s′o′so(kf ,q,ki) =

U∑
u

(
αo′o(Rus −Ru′s′) · eνs′(q)

)
e−ikf (Rus−Ru′s′ )

+
(
βo′o(Rus −Ru′s′) · eνs′(q)

)
eiki(Rus−Ru′s′ )

+
(
λo′o(Rus −Ru′s′) · eνs′(q)

)
e±iq(Rus−Ru′s′ ),

(4.31)

where the atomic deformation potential vector αo′o(R), βo′o(R), and λo′o(R)

are defined as follows [53, 55]:

αo′o(R) =

∫
φ∗o′(r)∇v(r−R)φo(r−R)dr,

βo′o(R) =

∫
φ∗o′(r)∇v(r)φo(r−R)dr,

λo′o(R) =

∫
φ∗o′(r)∇v(r−R)φo(r)dr,

(4.32)

where φo(r), αo′o(R) and βo′o(R), respectively are the atomic wave function

for the o-th orbital, the off-site atomic deformation potential vectors, and the

on-site atomic deformation potential vector. R connects the two interacting

atoms.
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G? band Raman spectra of graphene

In this chapter we show the calculated G? band spectra. We also assign the

G? band and we conclude the origin of G? band.

5.1 Origin of G∗ band

The G∗ band spectra of monolayer graphene is a double resonance Raman

spectrum. We calculate the possible process for G∗ band based on the pre-

vious work done by T. Shimada [14], D.L. Mafra [15] and R. Saito [8]. There

are four possibilities to obtain the G∗ band ; (1) q = 0 , overtone of LO

phonon,(2) q = 2k, iTO and LA combination phonon mode, (3) q = 0, LO

and iTA combination phonons, (4) q = 0, overtone of iTO. Phonon wavevec-

tor is measured from K point as explained in Chapter 4.

Based on experimental result G? band peak position shifts to lower Ra-

man shift with increasing laser energy. As a consequence the calculated

Raman spectra of G? band should follow those behavior. The calculated

Raman spectra based on four possibilities can be seen in Fig. 5.1. In Fig.

5.1(a), we show the calculated Raman spectra with phonon wave vector

q = 0, overtone of LO. The peak positions for 785 nm and 532 nm are 2480

Fig. 5.1: picuse/ramangstar.eps
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Figure 5.1 Theoretical result for G∗ band spectra for several laser excitation energy;
355 nm, 532 nm, and 785 nm. (a)q = 0, overtone of LO phonon, (b)q = 2k, iTO
and LA combination phonon mode,(c)q = 0, LO and TA combination phonon
mode, and (d) q = 0, overtone of iTO phonon. The q = 2k gives highest intensity
and the peak position shifts with increasing EL.

cm−1 and for 355 nm the peak position is 2520 cm−1.

In Fig. 5.1(b), we show the Raman spectra with phonon wave vector

q = 2k, iTO and LA combination phonon modes. The peak position shifts

to lower Raman shift with increasing EL.

In Fig. 5.1(c), we show the Raman spectra with phonon wave vector

q = 0, LO and TA combination phonon modes. The peak positions are

around 2200 cm−1 and are constant in respect to EL. In Fig. 5.1(d), we

show the Raman spectra with phonon wave vector q = 0, overtone of iTO.

The peak position are around 2700 cm−1 and constant to EL. The summary

of four possibilities of calculated G? spectra can be seen in Tab. 5.1.

Based on calculation result in Fig. 5.1, we can conclude that the q = 0

gives the peak positions constant to EL. However for q = 0 overtone of LO,



5.2. Calculation result of G? band 51

Table 5.1: The peak intensities value of the calculated result from Fig. 5.1. Bold
numbers denote the highest intensity.

EL (q=0) 2LO (q=2k) iTO+LA (q=0) 2iTO (q=0) LO+TA
355 nm 1.2× 10−31 2.0× 10−30 1.0× 10−32 1.4× 10−31

532 nm 5.0× 10−32 4.2× 10−30 3.0× 10−32 1.0× 10−31

785 nm 5.1× 10−32 7.0× 10−30 4.5× 10−32 4.2× 10−31

the peak position is shifted as shown in Fig. 5.1(a), this distortion is caused

by the numerical error.

Based on Raman intensity calculation from the four possibilities to assign

the G? band, we can see that iTO and LA combination phonon mode gives

highest intensity compare to another combination phonon modes, beside that

the iTO and LA combination phonon modes show the peak intensity shifts

as a function of EL. Hence, we can conclude that the phonon contributing

to the G∗ band are iTO and LA combination mode with phonon wavevector

q = 2k measured from K point.

5.2 Calculation result of G? band

In this Section, we show the calculation result of G? band. The assignment

for G? band that we use in this section are iTO and LA combination phonon

modes, with phonon wave vector, q = 2k.

In Fig. 5.2, we show the calculated peak position of G? band as a function of

EL. The calculated peak position are slightly higher than experimental re-

sults. This discrepancy is caused by the phonon energy dispersion calculated

by using force constant model that we used to calculate Raman intensity can

not reproduce experimental result as explained in Sec. 3.3. In order to get

better result, we calculate the phonon energy dispersion by using quantum

espresso package, the calculation result can be seen in Fig. 5.3.

Fig. 5.2: picuse/gstarexpcalpeak.eps
Fig. 5.3: picuse/phonondis.eps
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Figure 5.2 The G? band peak position as a function of EL fitted with linear func-
tion, black(experiment) and red(calculation).

In Fig. 5.3, we show the calculated phonon energy dispersion using

Quantum Espresso. Calculated phonon energy dispersion using Quantum

Espresso gives better result than calculated phonon energy dispersion using

force constant model near the K point.

We recalculate the Raman intensity of G? band with phonon frequency

obtained from Quantum Espresso package. Therefore we do not calculate the

electron-phonon matrix element from Quantum Espresso. Thus, we use the

calculated electron-phonon matrix element from tight-binding calculation,

the same with previous calculation.

In Fig. 5.4(a), we show the calculation result of Raman spectra of G?

band fitted with experimental result [7]. The intensities are normalized with

its G? band peaks. The calculated result is in good agreement with exper-

imental result, however for 355 nm laser, the calculation result is broader

than experimental result. The G? band peak position as function of EL can

be seen in Fig. 5.4(b). The calculated Raman intensity with phonon energy

dispersion obtained from Quantum Espresso can reproduce the experimental

Fig. 5.4: picuse/qegstarexp.eps
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Figure 5.3 (a) Phonon energy dispersion relation of graphene calculated using
force constant model (red lines), and quantum expresso (black lines), fitted with
experiment data of the X-ray inelastic scattering in graphene (blue dots) by A.
Grüneis et al [35], plotted along high symmetry direction. (b) The phonon energy
dispersion near the K point for iTO and LO phonon modes. Phonon energy
dispersion calculated by using quantum espresso reproduce the experimental result
near K point.

result of peak position. The peak positions are exactly the same with the

experimental result. The peak position shifts with increasing EL, with slope

−41.30 cm−1/eV. Previous work reported the dispersive behavior of G? is

-10 to -20 cm−1/eV [26, 23]. However, in our calculation and experimental

data, we just have three different EL, and the peak intensity of G? band is

low, as a consequence it is difficult to distinguish peak and background.
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Figure 5.4 Calculation result of (a) Raman intensity of G? band with phonon
frequency calculated by using Quantum Espresso Package and (b) G? band peak
position as a function of laser energy fitted with experimental result [7].



Chapter 6

G′ band Raman spectra of Graphene

In this chapter, we show the origin of G′ band, and also EL dependence of

the peak position and peak intensity.

6.1 Origin of G′ band

Based on the experimental result shown in Fig. 2.1, the peak position of G′

band is shifted as a function of the EL. Thus, the G′ band process is double

resonance process with phonon wave vector q = 2k measured from the K

point. We explain the origin of the G′ band based on the calculated result.

We calculate the Raman intensity using Eq. (4.2). According to the ex-

perimental result, the G′ band peak position is around 2700 cm−1. Therefore

the G′ band should be overtone or combination phonon, because according

to the phonon energy dispersion, the maximum of frequency is around 1600

cm−1. We assign the phonon contributing to the G′ band based on the

phonon energy dispersion as shown in Fig. 3.6. In order to assign G′ band,

we devide the frequency by two, 1350 cm−1. The corresponding phonon with

1350 cm−1 near K point are LO, iTO, or LA. According to the calculation

Fig. 6.1: picuse/gpas.eps
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Figure 6.1 Calculation result of Raman spectra of monolayer graphene to assign
G′ band based on double resonance Raman. Black line, blue line and red line,
respectively denote overtone of LA, overtone of iTO and overtone of LO. Overtone
of iTO gives highest intensity

result as shown in Fig. 6.1, we can conclude the phonon contributing to the

G′ band is overtone of iTO. We use the overtone of iTO to calculate the G′

band in this master thesis.

6.2 Calculated result of G′ band

We calculate the Raman intensity of G′ band using Eq. (4.2). The cal-

culation result can be seen in Fig. 6.2. The Peak intensity of G′ band is

decreasing by increasing laser excitation energy, these result are similar with

the experimental result as shown in Fig. 2.1(a).

6.3 Disspersive behavior of G′ band

Our calculated G′ band spectra also show the disspersive behaviour of G′

band.

Fig. 6.2: picuse/gpband.eps
Fig. 6.3: picuse/gprimepeak.eps
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Figure 6.2 The calculation result of Raman spectra of G′ band excited by several
laser excitation energy : 266 nm, 355 nm, 532 nm and 785 nm. The peak intensity
decreases with increasing EL.

In Fig. 6.3 we plot calculated frequency of G′ band as a function of EL. The

peak position of G′ band shifts linearly to higher frequencies with increasing

the EL as shown in Fig. 6.3. The observed phonon energy increases by

increasing the EL, which gives rise to a dispersive behavior of the scattered

phonon [6]. Since the electronic energy dispersion of the π and π? bands

is linear in k as measured from the K (K ′) point in the 2D Brillouin zone

of graphene, a special k value is selected on an equi-energy line for a given

laser energy [26].

The calculated slope of phonon frequency in Fig.6.3 is 48 cm−1/eV. Our

results are lower compared to the previous experimental result [23, 24, 25].

From previous experimental reported in the literature for graphene, the slope

is 85-107 cm−1/eV [23, 24, 25]. This discrepancy might be caused by the

iTO phonon energy dispersion based on force constant model that we used,

near K point are not reproduced experimental result as explained in Section

3.3. However, this result is still good, because we can reproduce the linear

relation of peak position and EL and also we can reproduce the peak intensity

decreases with increasing EL.
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Figure 6.3 G′ band peak position as a function of laser excitation energy fitted
with experiment data [7].

6.4 Spectral width of G′ band

We fitted the calculated result of Raman spectra in Fig. 6.2 with Lorentzian

function. The Lorentzian fitting function is given by

I(ω) =
I0
πΓq

1

(ω − ωq)2 + Γ2
q

(6.1)

In 6.1 full width at half maximum (FWHM) or spectral line width is given

by FWHM = 2Γq. The spectral line width has important information, such

as damping, the energy uncertainty, and the phonon lifetime. Therefore, Γq

is the inverse of the lifetime for a phonon. The origins for the finite phonon

lifetime is the electron-phonon interaction [26].

Calculation result shows the spectral line width of the G′ band increases

slightly from the near infrared 785 nm (26 cm
−1) to the visible 532 nm

(27 cm−1) light. However, this value increases by a factor of 1.5 when an

ultraviolet laser (355 nm) is used.

The EL dependence of the calculated spectral line width of the G′ band



6.5. Integrated intensity of G′ band 59

1 2 3 4

10

20

30

40

50

 

 

Theory 
Experiment

Li
ne

w
id

th
 (c

m
-1
)

Laser Energy (eV)

Figure 6.4 Spectral line width of G′ band fitted with experiment data [7].

is in a good agreement with the trend of curve with the experimental data

as shown in Fig.6.4. However, the experimental results are slightly higher

than calculations results. The discrepancies might be caused by the value

of resonance window that we set constant, γr = 0.1 eV in Eq. (4.2) is

not sufficient. The resonance window is a function of EL. However, the

calculation result shows the calculated line width of the spectra is still in

good agreement with experimental result.

6.5 Integrated intensity of G′ band

In this section we calculate the integrated intensity of Raman spectra to

analyze the absence of G′ band in 266 nm EL. The area under the curve

is defined as integrated intensity. Integrated intensity is important because

its free from the sample size, as a consequence we can compare with experi-

mental result.

Fig. 6.4: picuse/linewidth.eps
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We plot the calculated results of the absolute Raman spectra of mono-

layer graphene in Fig. 6.5(a). We see that the integrated intensity of the G

(G′) band is proportional to E4
L (E−1

L ), as shown in Fig. 6.5(b) [Fig. 6.5(c)].

Therefore, the integrated intensity ratio of the G′ to band is inversely pro-

portional to the fifth power of the incident laser energy. A similar EL depen-

dence of the integrated intensity of certain Raman phonon modes has been

reported in nanographite [56] and graphene [43].

The calculated results of the integrated intensity of the G′ band propor-

tional to E−1
L with the constant resonance Raman window γr reproduce the

experimental data for large EL region.

6.6 Effect of deep ultraviolet laser to the G′ band peak

In this section, we discuss about the effect of the deep ultraviolet to the G

G′ band peak. We only consider the optical transition between π band to

π? band.

When the EL increases, the area of resonance condition shown by equi-

energy contour in Fig. 6.6(a) increases. The increase of this area corresponds

to the increased range of possible phonon momentum that can be excited

near the K point in double resonance scattering. However, if we use EL

more than 5.08 eV, the equi-energy contour in K point is vanished, because

5.08 eV is M point transition as shown in Fig. 6.7(a).

In Fig. 6.6, we show the method to select the phonon wave vector q. If

the EL is less than 5.08 eV, the ordinary double resonance process occurs as

shown in Fig. 6.6 (a) and for EL higher than 5.08 eV, the the equi-energy

contour calculated in Γ point and the possible phonon wave vector becomes

a whole Brillouin zone as shown in Fig. 6.6(b).

Fig. 6.5: picuse/integrated.eps
Fig. 6.6: picuse/gabu.eps
Fig. 6.7: picuse/deepuv.eps
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Figure 6.5 The calculated results of (a) the absolute Raman scattering spectra of
monolayer graphene. (b) The integrated intensity of the G band as a function of
E4
L fitted to a linear function. (c) The integrated intensity of the G′ band as a

function of E−1
L fitted to a linear function. [7].

In Fig.6.7(a), we show the electronic energy dispersion of graphene. The

calculated Raman spectra by using EL from 785 nm up to 190.8 nm can is

shown in Fig.6.7(b). The peak intensity of G′ band is inversely proportional

to the EL as shown in inset of Fig.6.7(b).

In Fig. 6.8, we show the G′ band peak position as a function of EL, the

error bars represent the spectral width (FWHM). In the EL more than 4.6

eV area, double peaks appear and the spectral width become large.

Although, we derive the double resonance process for deep ultraviolet

Fig. 6.8: picuse/peakdeep.eps
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EL > 5.08 eV EL < 5.08 eV

(b)(a)

Figure 6.6 Equi-energy contours for incident laser energy (a) EL less than 5.08 eV
(b) EL higher than 5.08 eV.

Figure 6.7 (a) Energy dispersion of monolayer graphene. The 5.08 eV laser en-
ergy correspond to the M point maximum. (b) The Raman spectra of monolayer
graphene excited by 785 nm laser up to 190.8 nm.
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Figure 6.8 G′ band peak position as a function of EL. when EL > 4.66 eV, double
peaks (red and black points) appear. Error bars represent the full width at half
maximum (FWHM) of peak. When EL ≥ 4.6 eV , double peak (red and black)
appear.

laser energy, the experimentalist can not observe the G′ band with deep

ultraviolet laser, because the intensity is very weak, as a consequence the

G′ band intensity is negligible compared with that of G band. Since the

intensity ratio of G′ band to the G band is frequently used for characterizing

the number of graphene layer [13, 27].





Chapter 7

Conclusion

In this thesis we calculated G? and G′ bands Raman spectra of monolayer

graphene based on double resonance Raman theory. The double resonance

Raman theory needs the electron-photon matrix elements, electron-phonon

matrix elements and phonon energy dispersion. Here we list main results of

the thesis.

Assignment of G? band process

Based on the explained calculation result in Chapter 5, we can conclude

that the G? band process is double resonance Raman process. The phonon

contributing the G? band are iTO and LA combination phonon mode with

phonon wave vector q = 2k measured from K point. The G? band peak

position is sensitive to the EL. The peak position shifts to the lower Raman

shift with increasing the EL. However the calculation result of G? band by

using phonon energy dispersion from force constant model gives higher peak

position than experimental result. We recalculate the Raman intensity of G?

band by using the same formula, but the phonon energy dispersion obtained

from quantum espresso. We successful reproduce the peak position of G?

band experimental result, because the calculated phonon energy dispersion

65
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from Quantum Espresso almost reproduce the experimental result of phonon

energy dispersion near K point.

Effect of increasing EL to the G′ band spectra

The peak intensity of G′ band is inversely proportional to the EL. In the

case of EL ≤ 5.08 eV, the double resonance process with the equi-energy

contour measured in K point occurs. The peak position is proportional to

the EL. The calculated slope is 48 cm−1/eV.

In the case of EL > 5.08 eV, the equi-energy contour will be measured around

Γ point. The 5.08 eV becomes special value, because the 5.08 eV is the M

point transition. In the case of laser energy more than 266 nm (4.66 eV)

the G′ band intensity is very weak and negligible compared with that of G

band. However, the absolute intensity of G? band still exists with very small

intensity.



Appendix A

Calculation Programs

There are several programs used in this thesis. All the programs can be

found under the following directory in FLEX workstation:

$ ~siregar/for/code/

For simplicity, this directory will defined as root. Please read 00Readme for

each program.

Phonon energy dispersion

Directory : root/Phonondispersion/fcflat/

Main Program : tfcflat.for

Using tfcflat.for we can calculate the phonon energy dispersion, consider up

to twentieth nearest neighbors in high symmetry points.

Electron-photon interaction

Directory : root/dipolevector/

Main Program : dipolevec.f90
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Using dipoleve.f90 we can calculate dipolevector in whole Brillouin zone of

monolayer graphene.

Electron-phonon interaction

Directory : root/elphonon/

Main Program : nteplat.f90

Using nteplat.f90 we can calculate the electron-phonon matrix element for

each phonon branch.

First-order Raman scattering

The G band Raman spectra of graphene can be calculated by using gband-

new.f90

Directory : root/ramanori/

Main Program : gbandnew.f90

Second-order Raman scattering

Phonon energy dispersion from FCM

G? band

Directory : root/gstar150409/

Main Program : ramanqeori.f90

G′ band

Directory : root/gpband/

Main Program : 785.f90

G′ band in deep ultraviolet
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Directory : root/deepuvraman/

Main Program : deepuv.f90

Phonon energy dispersion from quantum espresso

G? band

Directory : root/gstar150409/

Main Program : gstarspectra.f90
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