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Chirality-dependent van Hove singularities 共vHs兲 of the one-dimensional electronic density of states 共DOS兲
are discussed in connection with resonant Raman spectroscopy. The effect of trigonal warping on the energy
dispersion relations near the Fermi energy splits the peaks of the density of states for metallic nanotubes, and
the magnitude of this effect depends on the chiral angle of the carbon nanotube. The width of the peak splitting
has a maximum for metallic zigzag nanotubes, and no splitting is obtained for armchair nanotubes or semiconducting nanotubes. We also find an additional logarithmic singularity in the electronic DOS for carbon
nanotubes that is related to a two-dimensional singularity, which does not depend on either the diameter or the
chirality.

I. INTRODUCTION

One-dimensional van Hove singularities 共vHs兲 in the electronic density of states 共DOS兲, which are known to be proportional to (E 2 ⫺E 20 ) ⫺1/2 at both the energy minima and
maxima (⫾E 0 ) of the dispersion relations for carbon nanotubes, are important for determining many solid state properties of carbon nanotubes, such as the spectra observed by
scanning tunneling spectroscopy 共STS兲,1–4 optical
absorption,5–7 and resonant Raman spectroscopy.8–11 The energy positions E 0 of the vHs peaks have been discussed
within the linear k approximation of the energy bands of
carbon nanotubes as these energy bands relate to twodimensional 共2D兲 graphite in the vicinity of the Fermi
energy.12,13 Within the linear k approximation for the energy
dispersion relations of graphite, the energy positions of the
vHs do not depend on the chirality but only on the diameter
of the nanotube. Here we show that, when the linear k approximation is relaxed and the dispersion relations are
treated in more detail, the energy of the vHs peaks also depend on the chirality of the carbon nanotubes.
Recently, Kataura and coworkers plotted the energy differences between the ith vHs peaks in the conduction and
valence bands numbered from the Fermi energy, E ii (d t ), as a
function of nanotube diameter d t for all chiral angles at a
given d t value, and his calculation of the energy differences
E ii (d t ) was based on the tight-binding approximation for the
energy bands.6 Kataura showed that the energy differences
between the vHs peaks E ii (d t ) have a width in energy for
fixed d t and that this width increases with increasing energy
relative to the Fermi energy.6,14 Kataura and co-workers also
showed that the width of the peak positions of the vHs at
constant d t was consistent with the experimental width of the
peaks in the optical absorption spectra for single-wall nanotube 共SWNT兲 rope samples and with the experimental reso0163-1829/2000/61共4兲/2981共10兲/$15.00
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nant Raman spectra for the same sample.6,14 However, the
physical origin of the width of the peak positions is not clear
from their papers.
In this paper, we investigate the Kataura plot in detail, and
we find that the peak positions of the vHs do indeed depend
on the nanotube chirality and that the origin of the width of
the peak positions can be explained by the so-called trigonal
warping effect of the energy bands, whereby equi-energy
contours in the Brillouin zone of graphite change from
circles around the K points for the linear k regime to a triangular shape around the M points 共see Fig. 1兲. This theoretical
result is important in the sense that STS and resonant Raman
spectroscopy experiments8,10,11 depend on the chirality of an
individual SWNT, and therefore trigonal warping effects
should provide experimental information about the chiral
angle of carbon nanotubes. Although the chiral angle is directly observed by scanning tunneling microscopy 共STM兲,15

FIG. 1. The contour plot of 2D energy of graphite. The equienergy contours are circles near K and near the center of the Brillouin zone, but near the zone boundary the contours are straight
lines which connect nearest M points.
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©2000 The American Physical Society

2982

R. SAITO, G. DRESSELHAUS, AND M. S. DRESSELHAUS

FIG. 2. The energy dispersion relations for the  and  * bands
in 2D graphite are shown throughout the whole region of the Brillouin zone. The inset shows the energy dispersion along the high
symmetry directions of the 2D Brillouin zone.

corrections to the experimental observation are necessary to
account for the effect of the tip shape and of the deformation
of the nanotube on the substrate.16 We expect that the
chirality-dependent DOS spectra are insensitive to such effects.
Concerning the application of the zone-folding method to
the graphite  energy bands in which only the nearestneighbor carbon-carbon interaction energy, ␥ 0 , is included,
three possible effects are considered in connection with firstprinciples calculations of the electronic structure of carbon
nanotubes: 共1兲 the effect of curvature on ␥ 0 , 共2兲 the inclusion
of the tight binding overlap integral s, which is associated
with the asymmetry between the valence and conduction
bands in 2D graphite,17 and 共3兲 the trigonal warping effect in
which the equi-energy contours change from a circle to a
triangular shape with increasing energy.
The curvature effect has been discussed within the SlaterKoster method in which the correction to the ␥ 0 of a SWNT
with the diameter d t is given by18,19

再 冉 冊冎

␥ 0 共 d t 兲 ⫽ ␥ 0 共 ⬁ 兲 1⫺

1 a C-C
2 dt

2

.

共1兲

Here, a C-C is the nearest-neighbor carbon-carbon distance,
which is taken to be 1.44 Å for a SWNT. The factor 1/2 in
Eq. 共1兲 comes from averaging over the direction of the
chemical bonds of each carbon atom relative to the nanotube
axis. The relative correction to ␥ 0 (d t ) is thus only
(a C-C /d t ) 2 ⬃10⫺2 for d t ⫽1.4 nm corresponding to a 共10,10兲
armchair nanotube. Here, the nanotube diameter d t is related
to the nanotube integers (n,m) by
d t ⫽ 冑3a C-C共 m 2 ⫹mn⫹n 2 兲 1/2/  .

共2兲

Thus, the curvature effect is generally neglected except for
very small diameter nanotubes, since the smallest nanotubes
with a C60 fullerene diameter 关such as a 共5,5兲 nanotube兴
would have only about a 2% decrease in the value for ␥ 0 due
to nanotube curvature. Lambin19 showed that this small correction is sufficient to account for the strain energy of 0.08
eV nm2 /d 2t found in carbon nanotubes due to the curvature of
the graphene sheet.
A nonzero value for the overlap integral s modifies the
electronic energy at the M point 共edge center of the hexagonal Brillouin zone, see Fig. 2兲, from ⫾ ␥ 0 to ⫾ ␥ 0 /(1⫿s) for
the ␥ 0 ⬎0. When we use the values of ␥ 0 ⫽2.9 eV and s

PRB 61

⫽0.129, the energy values for the  * and  bands at the M
point become ⫹3.329 and ⫺2.568 eV. These values for the
M point energies show an asymmetry 共see Fig. 2兲 that is
important for considering intraband optical transitions within
either the conduction or valence bands for doped carbon
nanotubes7. However, when we consider the energy difference between the conduction and valence bands, the overlap
effect 共i.e., nonzero value for s) is not so significant for
energies less than 3 eV, since the energy difference at the M
point is modified only by a factor 2 ␥ 0 /(1⫺s 2 ), proportional
to s 2 . Thus, the effect of a nonzero s value on the interband
energy difference between vHs in the valence and conduction bands is only on the order of 10⫺2 .
Thus, for SWNT’s with diameters of around 1⬃2 nm and
for excitation energies below 3 eV, which is the usual situation for observation of the resonant Raman scattering in
SWNT’s,8,10,11 the trigonal warping effect becomes the most
important of the three effects enumerated above, especially
for metallic nanotubes, as is discussed in this paper.
In Sec. II, we give a brief summary on how to calculate
the electronic density of states for SWNT’s, and in Sec. III,
we show the calculated results for the vHs peak positions as
a function of the chirality. In Sec. IV, relevant experiments
are discussed and in Sec. V, a summary of the results are
given.
II. ASYMMETRY OF THE ELECTRONIC STRUCTURE
OF 2D GRAPHENE AND 1D NANOTUBES

The 1D electron density of states are given by the energy
dispersion of carbon nanotubes which is obtained by zone
folding of the 2D energy dispersion relation of graphite. The
2D energy dispersion relations of graphite are calculated17 by
solving the eigenvalue problem for a (2⫻2) Hamiltonian H
and a (2⫻2) overlap integral matrix S, associated with the
two distinct A- and B-atom sites in 2D graphite,

冉

⑀ 2p
H⫽ ⫺ ␥ f 共 k 兲 *
0

⫺␥0 f 共k兲

⑀ 2p

冊

and S⫽

冉

1

s f 共k兲

s f 共 k 兲*

1

冊

,

共3兲

where ⑀ 2p is the site energy of the 2p atomic orbital and
k ya
.
f 共 k 兲 ⫽e ik x a/ 冑3 ⫹2e ⫺ik x a/2 冑3 cos
2

共4兲

Here, a⫽ 冑3a C-C . Solution of the secular equation
det共 H⫺ES兲 ⫽0

共5兲

implied by Eq. 共3兲 leads to the eigenvalues
⫾
E g2D
共 kជ 兲 ⫽

⑀ 2p ⫾ ␥ 0 w 共 kជ 兲
1⫿sw 共 kជ 兲

共6兲

for ␥ 0 ⬎0, and E ⫹ and E ⫺ correspond to the valence  and
the conduction  * energy bands, respectively. The function
w(kជ ) in Eq. 共6兲 is given by
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w 共 kជ 兲 ⫽ 冑兩 f 共 kជ 兲 兩 2 ⫽

冑

冑3k x a

1⫹4 cos

2

k ya
k ya
cos
⫹4 cos2
.
2
2
共7兲

In Fig. 2, we plot the electronic energy dispersion relations
for 2D graphite as a function of the two-dimensional k values
in the hexagonal Brillouin zone. The corresponding energy
contour plot of the 2D energy bands of graphite with s⫽0 is
shown in Fig. 1.
Near the K point at the corner of the hexagonal Brillouin
zone of graphite, w(kជ ) has a linear dependence on k⬅ 兩 kជ 兩
measured from the K point as
w 共 kជ 兲 ⫽

冑3
2

ka⫹•••,

for kaⰆ1.

共8兲

Thus, the expansion of Eq. 共6兲 for small k yields
⫾
E g2D
共 kជ 兲 ⫽ ⑀ 2p ⫾ 共 ␥ 0 ⫺s ⑀ 2p 兲 w 共 kជ 兲 ⫹•••,

共9兲

so that in this approximation the valence and conduction
bands are symmetric near the K point, independent of the
value of s. When we adopt ⑀ 2p ⫽0 and s⫽0 for Eq. 共6兲, and
assume a linear k approximation for w(k), we get the linear
dispersion relation for graphite given by20,21
E 共 k 兲 ⫽⫾

冑3

3
␥ 0 ka⫽⫾ ␥ 0 ka C-C .
2
2

共10兲

If the physical phenomena under consideration only involve
small k vectors, it is convenient to use Eq. 共10兲 for interpreting experimental results relevant to such phenomena.
The asymmetry in the valence- and conduction-band energy dispersion relations in Eq. 共6兲 arises from the quadratic
terms in w(kជ ) and this asymmetry becomes important for
large k values. For a 2D graphene sheet, the values of the
tight binding parameters ⑀ 2p ⫽0, ␥ 0 ⫽3.033 eV, and s
⫽0.129 fit both the first-principles calculation of the energy
bands of turbostratic graphite18,22 and experimental data.17,23
The nonzero value of s leads to an overall asymmetry between the bonding and antibonding states of 2D graphite for
large k as measured with respect to the K point. This asymmetry effect is shown in Fig. 2, where the symmetryimposed degeneracy between the valence and conduction
bands at the K point in the Brillouin zone is seen. At the M
and ⌫ points, which are far from the K point 共see Figs. 1 and
2兲, the 2D graphite energies calculated from Eq. 共6兲 are
⫾
⫾
(M )⫽⫾ ␥ 0 /(1⫿s) and E g2D
(⌫)⫽⫾3 ␥ 0 /(1⫿3s)
E g2D
which display the asymmetry between valence- and
conduction-band energies described above. We also note that
⫹
⫺
the energy differences E g2D
(M )⫺E g2D
(M )⫽2 ␥ 0 /(1⫺s 2 )
⫹
⫺
2
and E g2D (⌫)⫺E g2D (⌫)⫽6 ␥ 0 /(1⫺9s ) are not as sensitive
to s for typical values for s, and these energy differences
become larger when s⫽0. Thus, if s is assumed to be nonzero, the ␥ 0 value estimated from measurements relevant to
the ⌫ or M points in the Brillouin zone should be smaller
than the ␥ 0 obtained from analysis of experiments relevant to
the K point. Also, the value obtained for ␥ 0 from fits to
experimental data will depend somewhat on the value assigned to s. Furthermore, if s⬎0, different values can be
obtained for ␥ 0 when different physical phenomena are mea-
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sured, since different phenomena will in general be sensitive
to E(k) at different k values. On the other hand, various
physical phenomena can, in principle, be used to determine
an experimental value for s, which would provide a more
complete description of the dispersion relations for the nanotubes.
The 1D energy dispersion relations of a single wall carbon nanotube are given by

冉

E  共 k 兲 ⫽E g2D k

冉

冊

K2
⫹  K1 ,
兩 K2 兩
共11兲

冊



 ⫽1, . . . ,N, and ⫺ ⬍k⬍ ,
T
T

where T is the magnitude of the unit cell vector along the
nanotube axis, k is a wave vector along the nanotube axis
and N is the number of hexagons of the graphite honeycomb
lattice that lie within the nanotube unit cell, and N is given
by
N⫽

2 共 n 2 ⫹m 2 ⫹nm 兲
.
dR

共12兲

Here d R is the greatest common divisor of (2n⫹m) and
(2m⫹n) for a (n,m) nanotube.17 Further K1 and K2 denote,
respectively, a discrete unit wave vector along the circumferential direction, and a reciprocal lattice vector along the
nanotube axis direction, which are given for a (n,m) nanotube by
K1 ⫽ 兵 共 2n⫹m 兲 b1 ⫹ 共 2m⫹n 兲 b2 其 /Nd R
共13兲
K2 ⫽ 共 mb1 ⫺nb2 兲 /N,
where b1 and b2 are the reciprocal lattice vectors of twodimensional graphite and are given by
b1 ⫽

冉 冊
1

冑3

, 1

2
,
a

b2 ⫽

冉

1

冑3

,⫺1

冊

2
,
a

共14兲

in x,y coordinates.
The periodic boundary condition for a carbon nanotube
(n,m) gives N discrete k values in the circumferential direction. The direction of the discrete k vectors and the separation between two adjacent k vectors are both given by the K1
vector shown in Fig. 3. Here we show one K point and only
a few of the N possible K1 vectors. In the direction of the
carbon nanotube axis, which is expressed by the K2 vector,
we can define continuous k vectors in the one-dimensional
Brillouin zone for each K1 vector.
The N pairs of energy dispersion curves given by Eq. 共11兲
correspond to the cross sections of the two-dimensional energy dispersion surface shown in Fig. 2, where cuts are made
on the lines of kK2 / 兩 K2 兩 ⫹  K1 . If for a particular (n,m)
nanotube, the cutting line passes through a K point of the 2D
Brillouin zone 共Fig. 2兲, where the  and  * energy bands of
two-dimensional graphite are degenerate by symmetry, then
the one-dimensional energy bands have a zero energy gap.
The 1D density of states 共DOS兲 in units of states/C
atom/eV is calculated by
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FIG. 3. The wave vector k for one-dimensional carbon nanotubes is shown in the two-dimensional Brillouin zone of graphite
共hexagon兲 as bold lines for 共a兲 metallic and 共b兲 semiconducting
carbon nanotubes. In the direction of K1 , discrete k values are obtained by periodic boundary conditions for the circumferential direction of the carbon nanotubes, while in the direction of the K2
vector, continuous k vectors are shown in the one-dimensional Brillouin zone. 共a兲 For metallic nanotubes, the bold line intersects a K
point 共corner of the hexagon兲 at the Fermi energy of graphite. 共b兲
For the semiconductor nanotubes, the K point always appears onethird of the distance between two bold lines. It is noted that only a
few of all the possible bold lines are shown near the indicated K
point. For each K1 vector, there is an energy minimum in the valence and conduction energy subbands, giving rise to the energy
differences E ii (d t ).

2
D共 E 兲⫽
N

兺 冕
 ⫽1
N

冏

1
␦ „E  共 k 兲 ⫺E…dE.
dE  共 k 兲
dk

冏

共15兲

The integrated value of D(E) for the energy region of E  (k)
is 4, which includes the spin degeneracy for any (n,m) nanotube and includes the plus and minus signs of E g2D . It is
clear from Eq. 共15兲 that the density of states becomes large
when the energy dispersion relation becomes flat as a function of k.
III. CALCULATED RESULTS

The peaks in the 1D electronic density of states of the
conduction band measured from the Fermi energy, corresponding to the van Hove singularities, are shown in Fig. 4
for several metallic (n,m) nanotubes, all having about the
same diameter d t 共from 1.31 to 1.43 nm兲, but different chiral
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FIG. 4. The 1D electronic density of states vs energy for several
metallic nanotubes of approximately the same diameter, showing
the effect of chirality on the van Hove singularities: 共10,10兲 共armchair兲, 共11,8兲, 共13,7兲, 共14,5兲, 共15,3兲, and 共18,0兲 共zigzag兲.

angles  ⫽arctan兵冑3m/(2n⫹m) 其 between 0⭐ 兩  兩 ⭐30°, including  ⫽0° for a zigzag nanotube 共18,0兲,  ⫽30° for an
armchair nanotube 共10,10兲, and 4 nanotubes with chiral
angles, 8.9°, 14.7°, 20.2°, and 24.8° for the chiral nanotubes 共15,3兲, 共14,5兲, 共13,7兲, and 共11,8兲, respectively. When
we look at the peaks in the 1D DOS from the bottom ( 
⫽30°) to the top (  ⫽0°) of Fig. 4, the first DOS peaks
around E⫽0.9 eV are split into two peaks whose separation
in energy 共width兲 increases with decreasing chiral angle,
though the average energy position is similar for all these
nanotubes which have similar diameters. The width of the
splitting of the second peak around E⫽1.7 eV is larger than
that of the first peak for the same SWNT. In the case of the
共14,5兲 nanotube, the width of the splitting of the second peak
is as large as the separation to the split third peaks E 33(d t ). It
is clear from Fig. 4 that the DOS is significantly chirality
dependent, and the reason for this effect is discussed below.
The average energy position of the peaks depends on the
nanotube diameter, which is explained12,13 by the linear dispersion approximation of Eq. 共10兲. The energy difference
E 11(d t ) between the highest-lying valence-band singularity
and the lowest-lying conduction-band singularity in the 1D
density of states for the electronic 1D density of states curves
for metallic and semiconducting nanotubes shows that
M
(d t ) is three times as large for the metallic nanotubes for
E 11
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which n⫺m⫽3q, where q is an integer, as for the semiconS
(d t ), for which n⫺m⫽3q. Using Eq. 共10兲,
ducting tubes E 11
we can write simple analytic expressions for metallic
M
S
(d t ) 兴 and semiconducting 关 E 11
(d t ) 兴 nanotubes as fol关 E 11
lows:
M
E 11
共 d t 兲 ⫽6a C-C␥ 0 /d t

共16兲

S
E 11
共 d t 兲 ⫽2a C-C␥ 0 /d t .

共17兲

and

Equations 共16兲 and 共17兲 are derived as follows. In Fig. 3, we
show the allowed wave vectors k as bold lines and we show
the reciprocal lattice wave vectors K1 and K2 for a onedimensional carbon nanotube in the hexagonal Brillouin
zone of two-dimensional graphite for 共a兲 metallic and 共b兲
semiconducting carbon nanotubes. The one-dimensional van
Hove singularities of carbon nanotubes near the Fermi energy come from the energy dispersions along the bold lines
in Fig. 3 near the K point of the Brillouin zone of 2D graphite. For the metallic carbon nanotubes, one bold line in Fig. 3
goes right through a K point, and this intersection gives rise
to the zero energy band gap at the K point 共see Fig. 2兲, while
for the semiconducting nanotubes, the K point is always located in a position one third of the distance between two
adjacent K1 lines.24 The energy minimum of each subband
near the K point corresponds to a peak that is a van Hove
singularity.
Using the linear approximation for the energy dispersion
relation E(k) of Eq. 共10兲, the energy differences between the
van Hove singularities are expressed by substituting for k the
values of K1 for metallic nanotubes and of K1 /3 and 2K1 /3
for semiconducting nanotubes, respectively. After a simple
calculation using Eq. 共13兲 for K1 for carbon nanotubes, we
get the important relation
兩 K1 兩 ⫽2/d t .

共18兲

Substituting the value of 兩 K1 兩 ⫽2/d t into Eq. 共10兲, we get the
formulas for E 11 given by Eqs. 共16兲 and 共17兲. For isolated
single-wall nanotubes, use of the linear k approxiM
(d t )
mation in Eq. 共10兲, allows us to write the relation E 11
S
12
⫽3E 11(d t ) at the same value of d t . With these approximations for a semiconducting nanotube of given d t , resonant
S
S
(d t ),
2E 11
(d t ),
energy differences occur at E 11
S
S
S
4E 11(d t ), 5E 11(d t ), 7E 11(d t ), . . . and for metallic nanoM
tubes, resonant energy differences occur at E 11
(d t ),
M
2E 11(d t ), . . . .
When the value of 兩 K1 兩 ⫽2/d t is large, which corresponds
to smaller values of d t , the linear dispersion approximation
is no longer correct. When we then plot equi-energy lines
near the K point 共see Fig. 1兲, we get circular contours for
small k values near the K and K ⬘ points in the Brillouin zone,
but for large k values, the equi-energy contour becomes a
triangle, which connects the three M points nearest to the K
point 共see Fig. 5兲. The distortion of the equi-energy lines
away from the circular contour in materials with a threefold
symmetry axis is known as the trigonal warping effect. Thus
the energy minima positions on the bold lines shown in Fig.
3 are not always at the closest positions to the K point.
Therefore, the energy minima positions now depend on the

FIG. 5. The dependence of the trigonal warping effect of the van
Hove singularities on the nanotube chirality. The three bold lines
near the K point are possible k vectors in the hexagonal Brillouin
zone of graphite for metallic 共a兲 armchair and 共b兲 zigzag carbon
nanotubes. All chiral nanotubes with chiral angles 兩  兩 ⭐  /6 have
lines for their k vectors with the directions making a chiral angle 
measured from the bold lines for the zigzag nanotubes. The minimum energy along the neighboring two lines gives the energy positions of the van Hove singularities.

direction of the K2 vectors, as is also shown in Fig. 3, from
which we conclude that the energy minima positions depend
on the chirality of the carbon nanotubes.
Trigonal warping effects generally split the singular peaks
in the 1D density of states for metallic nanotubes, which
come from the two nearest possible K1 vectors near the K
point 共see Fig. 5兲. Although there are N inequivalent lines
which give 2N energy subbands for (n,m) carbon nanotubes, only the line that goes through the K point and neighboring lines are shown for simplicity in Fig. 3. The minimum
energies along the neighboring two lines give the energy
positions of the van Hove singularities. Although the distances of the two lines from the K points are the same, the
two lines are in general inequivalent in the 2D reciprocal
lattice and thus the two lines have a different energy minimum with respect to each other. This is the physical reason
why the DOS peaks are split.
On the other hand, for semiconducting nanotubes, we
consider the minima for the energy subbands by changing
the distance of the allowed k vector lines to 1/3 of that between the two lines near the K point in Fig. 3. Since the
value of the k vectors on the two lines near the K point
S
(d t ) and
contribute to different spectra, namely that of E 11
S
E 22(d t ), there is no splitting of the DOS for semiconducting
nanotubes. It is pointed out here that there are two equivalent
K points in the hexagonal Brillouin zone denoted by K and
K ⬘ as shown in Fig. 3, and the values of E Sii (d t ) are the same
for the K and K ⬘ points. This is because the K and K ⬘ points
are related to one another by time reversal symmetry 共they
are at opposite corners from each other in the hexagonal
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FIG. 6. Trigonal warping effect for zigzag nanotubes. Two energy minimum positions in the conduction band for zigzag nanotubes, (n,0) measured from the energy at the K point. Open circles
denote metallic carbon nanotubes for k⫽ 兩 K1 兩 vectors away from
the K point along the K→M and K→⌫ lines, which is the direction
of the energy minima 共see Fig. 5兲. The closed circles denote semiconducting carbon nanotubes for k⫽ 兩 K1 兩 /3 vectors. 共The inset
shows an expanded view of the figure at small E/ ␥ 0 and small ka
for semiconducting nanotubes.兲 Note that the maximum of the horizontal axis corresponds to the M point, ka⫽2  /3, which is measured from the K point. A nanotube diameter of 1 nm corresponds
to a 共13,0兲 carbon nanotube.

Brillouin zone兲, and because the chirality is invariant under
the time-reversal operation. Thus, the DOS for semiconducting nanotubes will be split if very strong magnetic fields are
applied in the direction of nanotube axis.
When we compare Figs. 1 and 5共a兲, the energy minimum
position of an armchair nanotube, which is always metallic,
is shifted from the closest point to the K point to the lines
connecting K and the upper two M points. Further, when we
compare Figs. 1 and 5共b兲, the energy minimum positions of a
metallic zigzag nanotube denoted by (3n,0) is on the line
connecting the K point to the ⌫ point in the hexagonal Brillouin zone and on the line connecting the K point to the M
point going in the opposite direction from K to ⌫. Since the
energy dispersions on the K⫺⌫ and K⫺M lines are different from each other, the energy minimum values are different, though the distance from the K point to the energy minimum points are equal 共see Fig. 1兲. This is the reason why we
get a splitting of the DOS peaks for general metallic nanotubes. Only armchair nanotubes do not show such a splitting,
and the splitting becomes a maximum for metallic zigzag
nanotubes. In general, the splitting increases monotonically
with decreasing chiral angle and diameter, as shown in Fig. 4
for the dependence on chiral angle, and in Fig. 6, which is
discussed below, for the dependence on nanotube diameter.
In Fig. 6 the energies of the van Hove singularities corresponding to the lowest 1D energy level are plotted for metallic 共open circles兲 and semiconducting 共closed circles兲 zigzag nanotubes (n,0) along the directions K→M and along
K→⌫ for nanotubes of different diameters. The splitting of
E iiM is a maximum for zigzag nanotubes, which determines
the width of the DOS peaks for rope samples. Using Eqs. 共7兲
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FIG. 7. Calculation of the energy separations E ii (d t ) for all
(n,m) values as a function of nanotube diameter between 0.7⬍d t
⬍3.0 nm 关based on the work of Kataura et al. 共Ref. 6兲兴. The results
are based on the tight binding model of Eqs. 共6兲 and 共7兲, with ␥ 0
⫽2.9 eV and s⫽0. The crosses and open circles denote the peaks
of semiconducting and metallic nanotubes, respectively. Filled
squares denote the E ii (d t ) values for zigzag nanotubes which determine the width of each E ii (d t ) curve. Note the points for zero
gap metallic nanotubes along the abscissa.
M
S
M
and 共18兲, the widths of E 11
and E 11
, denoted by ⌬E 11
and
S
⌬E 11 , respectively, are determined by the zigzag nanotubes,
and are analytically given by
M
⌬E 11
共 d t 兲 ⫽8 ␥ 0 sin2

S
⌬E 11
共 d t 兲 ⫽8 ␥ 0 sin2

冉 冊
a
2d t

冉 冊

共19兲

a
.
6d t

Although this trigonal warping effect is proportional to
(a/d t ) 2 , the terms in Eq. 共19兲 are not negligible, since this
correction is the leading term in the expressions for the width
⌬E ii (d t ) and the factor 8 before ␥ 0 makes this correction
meaningful for d t ⫽1.4 nm. In fact, E 11(d t ) is split by about
0.18 eV for the 共18,0兲 zigzag nanotube, and this splitting
should be observable by STS experiments. Although the
trigonal warping effect is larger for metallic nanotubes than
for semiconducting nanotubes of comparable diameters, the
S
(d t )
energy difference of the third peaks E 33
2
⫽8 ␥ 0 sin (2a/3d t ) between the 共17,0兲 and 共19,0兲 zigzag
nanotubes is about 0.63 eV, using an average d t value of
1.43 nm, which becomes easily observable in the experiments. These calculations show that the trigonal warping effect is important for metallic single-wall zigzag nanotubes
with diameters d t ⬍2 nm. The direct measurement of the
chirality by the STM technique and the measurement of the
splitting of the DOS by STS on the same nanotube would
provide very important confirmation of this prediction.
In Fig. 7, we plot all E ii values as a function of nanotube
diameter for all possible chiralities (n,m) with diameters between 0.7⭐d t ⭐3.0 nm. The results are based on the tight
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binding model of Eqs. 共6兲 and 共7兲, with ␥ 0 ⫽2.9 eV and s
⫽0. The crosses and open circles denote the vHs peaks of
semiconducting and metallic nanotubes, respectively. The
width of the E ii (d t ) band at constant d t is due to the trigonal
warping effect. In fact in Fig. 7, the specific E ii (d t ) for the
zigzag nanotubes, (n,0), denoted by the filled squares, are
due to the trigonal warping effect shown in Fig. 6. For metallic zigzag nanotubes, (3n,0), two squares are plotted for
the same diameter d t , which explains the split values of the
DOS. In contrast, for semiconducting zigzag nanotubes the
S
(d t ) are
upper bound and the lower bound of the width ⌬E 11
determined for two different nanotubes, namely the (3n
⫹1,0) and (3n⫺1,0) nanotubes, respectively, thus explaining the widths ⌬E Sii (d t ) in the absence of any splitting of
E Sii (d t ) by the trigonal warping effect. It is clear from Fig. 6
that at a fixed diameter d t , the widths, not only of the
E iiM (d t ) transitions for the metallic nanotubes, but also of the
E Sii (d t ) transitions for the semiconducting nanotubes, are determined by the E ii (d t ) for the zigzag nanotubes. It is noted
here that the peak position of the E iiM (d t ) for the armchair
nanotube is almost at the center of the width delineated by
the zigzag nanotubes.
In principle, STM/STS experiments can measure the diameter and chiral angle of an individual carbon nanotube
共using STM兲 and the 1D density of electronic states 共using
STS兲 for the nanotube. Therefore, the STM/STS experiments
should give individual points in Fig. 7. Such data taken on an
ensemble of nanotubes would then yield the ensemble of
points in the plot of Fig. 7, thereby clearly showing the dependence of the splitting of the E ii (d t ) band on the nanotube
diameter and chirality.
It is further pointed out that the interband transition energies between vHs, plotted as E ii (d t ) in Fig. 7, always have a
point at 2 ␥ 0 /(1⫺s 2 ) for any nanotube, which corresponds
to the vHs peaks which originate from the logarithmic singularity of 2D graphite. This logarithmic singularity comes
from the M ⫺M equi-energy lines in the hexagonal Brillouin
zone whose energies are ␥ 0 /(1⫺s) and ⫺ ␥ 0 /(1⫹s) for the
conduction and valence bands, respectively. When the bold
lines of the k vectors cross the M ⫺M equi-energy lines, the
crossing points correspond to a zero value for dE/dk, which
causes a divergence in the DOS in Eq. 共15兲. These peaks can
be seen at 2.9 eV for all the metallic nanotubes in Fig. 4.
This crossing point is neither a minimum nor a maximum in
the energy dispersion relations, but rather is a point of inflection whose second derivative d 2 E/dk 2 is zero. Since these
DOS peaks can be observed for any nanotube, a determination of the energy where this structure occurs in the STS
experiments should provide a good experimental estimation
of ␥ 0 and s. Furthermore, since the energy position of the
peak is the same for all nanotubes, these peaks can be observed in a rope sample with a distribution of diameters and
chiralities, when we neglect the curvature effect discussed in
the Introduction 共Sec. I兲. It is important to note that in the
case of zigzag nanotubes with even index, (2n,0), a bold line
coincides with the M ⫺M line which gives a strong divergence of the DOS, which can be seen in the 共18,0兲 trace in
Fig. 4. Since this situation occurs for both metallic and semiconducting nanotubes, STS experiments for zigzag nanotubes are most sensitive for obtaining accurate values of ␥ 0
and s.
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When all k values within the Brillouin zone are included
in the calculation of the energies where the singularities in
the 1D density of states occur, it is seen in Fig. 4 that for the
M
M
armchair nanotubes, E 22
(d t ) is somewhat less than 2E 11
(d t ),
S
and that for the zigzag nanotubes, E 22(d t ) is also not equal to
S
S
S
(d t ), since E 22
(d t ) and 2E 11
(d t ) come from different
2E 11
symmetry lines on either the ⌫⫺K or ⌫⫺M lines, which is
S
also seen by the opposite bounds on the widths for E 22
(d t )
S
and 2E 11(d t ) for zigzag nanotubes. This is another important
aspect of the trigonal warping effect that needs to be considered.
Kataura et al.6 have previously published a very useful
plot of the energy separations E ii (d t ) as a function of d t .
Figure 7 is basically a re-plot of the work of Kataura et al.
but Fig. 7 is plotted for ␥ 0 ⫽2.9 eV, which yields much
better agreement with resonant Raman measurements.25 The
plot in Fig. 7 covers a range of nanotube diameters d t from
0.7 to 3.0 nm. Both Fig. 7 and the Kataura et al.6 plot include
all (n,m) values. The Kataura plot includes nanotube diameters d t from 0.7 to 1.8 nm and the calculations are based on
a value of ␥ 0 ⫽2.75 eV. Both plots include both metallic
nanotubes (n⫺m⫽3q) and semiconducting nanotubes (n
⫺m⫽3q). The plot in Fig. 7 also shows that, for a given d t
S
value, the points for E 11
(d t ) are not precisely at 2a C-C␥ 0 /d t ,
but show some deviations about this value. The width of the
E ii (d t ) curves at constant d t is seen to increase with increasM
(d t ) exhibits
ing energy and with increasing i, so that E 11
S
(d t ) for a given d t . In Fig.
considerably more width than E 11
7 it is seen that the width for a given E ii (d t ) increases as d t
decreases. For a given carbon nanotube diameter, the resoM
(d t ) is larger
nant width for metallic carbon nanotubes E 11
S
S
(d t ) or E 22
(d t ) for the semiconducting nanotubes.
than E 11
The physical basis for the width of a given E 11(d t ) curve and
S
S
(d t ) from 2E 11
(d t ) is due to trigonal
the deviation of E 11
warping effects described above. The results of Fig. 7 have
been extensively used in discussing various experiments that
are sensitive to E ii (d t ).26
IV. RELEVANT EXPERIMENTAL RESULTS

Four different types of experiments can be used to determine the energy separations E 11(d t ), as discussed in Sec. IV.
One of these utilizes the STS/STM 共scanning tunneling spectroscopy and microscopy兲 techniques, which can at least in
principle determine the geometrical structure (n,m) by STM
and the energy separations of the vHs E 11(d t ) by STS on the
same nanotube.
A. STS/STM results

The STS/STM results of Wildöer et al.1 and Odom et al.2
yield measurements of E ii (d t ) for specific nanotubes, but in
almost all cases the diameter of the specific nanotube that
was studied by STS was not accurately known. Both research groups interpreted their results within the linear k approximation 关Eqs. 共16兲 and 共17兲兴. On this basis Wildöer et al.
obtained values of ␥ 0 ⫽2.7⫾0.1 eV for their semiconducting
nanotubes and ␥ 0 ⫽2.9⫾0.1 eV for their metallic nanotubes.
This deviation in ␥ 0 should be considered to be within the
M
(d t ) shown in Fig. 7. Odom et al.2 reported
width of E 11
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results for semiconducting nanotubes, yielding a value of
␥ 0 ⫽2.5 eV, significantly lower than values reported by Wildöer et al.1 and by other techniques discussed below. From
an experimental standpoint, the STS/STM experiments can
be made more accurate by determining E ii (d t ) for the specific nanotube for which (n,m) has also been measured.27 A
M
(d t )⫽1.57 eV along these lines was redetermination of E 11
4
cently provided for a 共13,7兲 nanotube, yielding a very low
value for ␥ 0 ⫽2.54 eV. The STM/STS method for determining ␥ 0 is direct, but no corrections have been made for the
perturbation of the nanoprobe electric field on the 1D electron density of states.
Furthermore, although the measurements can be made on
isolated carbon nanotubes rather than on nanotubes immersed in nanotube bundles, the nanotubes are normally
placed on substrates during the measurement process and the
effect of the charge transfer between the nanotube and the
substrate is not taken into account. Another source of error in
interpreting STS data for E 11(d t ) is associated with the trigonal warping effect discussed in this paper and shown in Fig.
7. If the (n,m) value of the nanotube were known, the effect
of trigonal warping would easily be taken into account. Also
the asymmetry of the density of states singularities should be
taken into account in determining the energy of E ii (d t ) from
a broadened feature in the actual STS data.
B. Optical measurements

A second method for determining E 11(d t ) comes from
optical spectra, where the measurements are made on ropes
of single-wall carbon nanotubes, so that appropriate corrections should be made for intertube interactions in interpreting
the experimental data. Optical transmission spectra were
taken for single-wall nanotubes synthesized using four different catalysts,6,14 namely NiY 共1.24–1.58 nm兲, NiCo
共1.06–1.45 nm兲, Ni 共1.06–1.45 nm兲, and RhPd 共0.68–1.00
nm兲. For the NiY catalyst, three large absorption peaks were
observed at 0.68, 1.2, and 1.7 eV. Although use of Eqs. 共16兲
and 共17兲 yield a value of ␥ 0 ⫽3.0⫾0.2 eV, corrections for
trigonal warping effects are necessary to yield a more accurate value of ␥ 0 . Optical spectra were also reported for nanotubes produced with the NiCo, Ni and RbPd catalysts, but
the peak values for the absorption bands were not explicitly
quoted.6,14,28 In interpreting the optical transmission data,
corrections for the nonlinear k dependence of E(k) away
from the K point need to be considered. Once again, asymmetry of the 1D electronic density of states singularities
should be taken into account in extracting the E ii (d t ) from
the line shape. Furthermore, the diameter distributions of the
nanotubes as well as the difference in gap energies for nanotubes of different chiralities for a given d t should be considered in the detailed interpretation of the optical transmission
data to yield a value for ␥ 0 . The calculations given in Fig. 7
provide a firm basis for a more detailed analysis.
C. Resonant Raman scattering experiments

The third determination for single-wall carbon nanotubes
共SWNT’s兲 discussed here relates to the analysis of the tangential phonon modes,8,10,11,25,26,29,30 which can be sensitively probed by resonant Raman spectroscopy. This tech-
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nique provides two independent determinations of ␥ 0 , one
involving the Stokes spectra 共phonon emission兲, the other
involving anti-Stokes spectra 共phonon absorption兲 for the
tangential phonon bands. Thus far, almost all of the resonant
Raman experiments have been carried out on the Stokes
spectra.
In the resonant Raman effect, a large scattering intensity
is observed when either the incident or the scattered light is
in resonance with electronic transitions between vHs in the
valence and conduction bands E ii (d t ) for a given nanotube
(n,m). In general, the size of the optical excitation beam is
at least 1  m in diameter, so that many nanotubes with a
large variety of (n,m) values can be excited simultaneously,
as is also the case for the optical absorption measurements
discussed above. However, the tangential Raman band 共between ⬃1500–1630 cm⫺1 ) associated with the metallic
nanotubes is distinctly different from that for semiconducting
nanotubes, and this distinction in spectra can be used to establish the width of the metallic window where metallic
nanotubes contribute to the resonant Raman spectra.10,11 Furthermore, from measurement of the radial breathing mode
frequency  RBM in the first-order Raman spectra, the nanotube diameter can be estimated from the diameter d t dependence of  RBM⬀1/d t , once the proportionality between
 RBM and one (n,m) nanotube is established, such as the
共10,10兲 nanotube. Information on the nanotube diameter distribution is available either by transmission electron microscopy 共TEM兲 or from measurement of  RBM for many laser
excitation energies E laser . Since it is unlikely that any information on the nanotube chirality distribution is available experimentally, the assumption of equal a priori probability
can be assumed so that at a given diameter d t the resonant
Raman effect is sensitive to the width of the E ii (d t ) plot in
Fig. 7. The metallic window is determined experimentally as
the range of E laser over which the characteristic Raman spectrum for metallic nanotubes is seen, for which the most intense Lorentzian component is at 1540 cm⫺1 . Since there is
essentially no Raman scattering intensity for semiconducting
nanotubes at this phonon frequency, the intensity I 1540 provides a convenient measure for the metallic window. The
normalized intensity of the dominant Lorentzian component
for metallic nanotubes Ĩ 1540 共normalized to a reference line兲
has a dependence on E laser given by
Ĩ 1540共 d 0 兲 ⫽

兺d
t

冋

Aexp

⫺ 共 d t ⫺d 0 兲 2
⌬d 2t /4

册

M
关 „E 11
共 d t 兲 ⫺E laser…2

M
⫹ ␥ 2e /4兴 ⫺1 关 „E 11
共 d t 兲 ⫺E laser⫾E phonon…2 ⫹ ␥ 2e /4兴 ⫺1 ,

共20兲
where d 0 and ⌬d t are, respectively, the mean diameter and
the width of the Gaussian distribution of nanotube diameters
within the SWNT sample, E phonon is the average energy
共0.197 eV兲 of the tangential phonons and the ⫹ (⫺) sign in
Eq. 共20兲 refer to the Stokes 共anti-Stokes兲 process, ␥ e is a
damping factor that is introduced to avoid a divergence of
the resonant denominator, and the sum in Eq. 共20兲 is carried
out over the diameter distribution. Equation 共20兲 indicates
S
(d 0 ) for the Stokes process
that the normalized intensity Ĩ 1540
is large when either the incident laser energy is equal to
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FIG. 8. Metallic window for carbon nanotubes with diameter of
d t ⫽1.35 nm for the Stokes 共solid line兲 and anti-Stokes 共square
points兲 processes plotted in terms of the normalized intensity of the
Lorentzian phonon component at 1540 cm⫺1 for metallic nanotubes
vs the laser excitation energy for the Stokes and the anti-Stokes
scattering processes 共Ref. 33兲. The crossing between the Stokes and
anti-Stokes curves is denoted by the vertical arrow.
M
M
E 11
(d t ) or when the scattered laser energy is equal to E 11
(d t )
and likewise for the anti-Stokes process. Since the phonon
energy is on the same order of magnitude as the width of the
metallic window for nanotubes with d t ⬃1.4 nm, the Stokes
and the anti-Stokes processes can be observed at different
resonant energies in the Resonant Raman experiment. The
dependence of the normalized intensity Ĩ 1540(d 0 ) for the actual SWNT sample on E laser is primarily sensitive10,11 to the
M
(d t ) for the various d t values in the
energy difference E 11
sample, and the resulting normalized intensity Ĩ 1540(d 0 ) is
obtained by summing over d t , which is conveniently expressed in terms of the average diameter d 0 in Ĩ 1540(d 0 ).
In Fig. 8 we present a plot of the expected integrated
intensities Ĩ 1540(d 0 ) for the resonant Raman process for metallic nanotubes for both the Stokes 共solid curve兲 and antiStokes 共square points兲 processes. The figure distinguishes 4
regimes: 共1兲 the semiconducting regime, for which both the
Stokes and anti-Stokes spectra receive contributions from
semiconducting nanotubes, 共2兲 the metallic regime, where
metallic nanotubes contribute to both the Stokes and antiStokes spectra, 共3兲 the regime where metallic nanotubes contribute to the Stokes spectra and not to the anti-Stokes spectra, and 共4兲 when the metallic nanotubes contribute only to
the anti-Stokes spectra and not to the Stokes spectra. The
plot in Fig. 8 is for a nanotube diameter distribution d t
⫽1.35⫾0.20 nm assuming ␥ e ⫽0.04 eV and Eq. 共16兲 was
M
(d t ) values. Fits of experimental
used to calculate the E 11
Raman data to these curves are expected to be very sensitive
to the determination of ␥ 0 from the intersection of the Stokes
and anti-Stokes curves in Fig. 8, which for the indicated
parameters is at 1.69 eV corresponding to ␥ 0 ⫽2.9 eV.

V. SUMMARY AND CONCLUSIONS

In summary, the spectra of the DOS for SWNT’s have a
strong chirality dependence. Especially for the metallic
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nanotubes, the DOS peaks are found to be split into two
peaks because of the trigonal warping effect, while semiconducting nanotubes do not show a splitting for this reason.
The width of the splitting becomes a maximum for the metallic zigzag nanotubes (3n,0), and is zero for armchair
nanotubes (n,n), which are always metallic. In the case of
semiconducting nanotubes, the upper and lower bounds of
S
the peak positions of E 11
(d t ) on the Kataura chart shown in
S
(d t ) for the (3n
Fig. 7 are determined by the values of E 11
⫹1,0) or (3n⫺1,0) zigzag nanotubes. The upper and lower
bounds of the widths of the E Sii (d t ) curves alternate with
increasing i between the (3n⫹1,0) and (3n⫺1,0) zigzag
nanotubes.
The existence of a splitting of the DOS spectra for metallic nanotubes can be observed by STS/STM experiments.
The width of the metallic window can be observed in the
resonant Raman experiments, especially through the differences between the analysis for the Stokes and the anti-Stokes
spectra. Some magnetic effects should be observable in the
resonant Raman spectra and therefore should affect the 1D
DOS for the nanotubes, since the magnetic field will break
the symmetry between K and K ⬘ points. The magnetic susceptibility, which has been important for the determination
of ␥ 0 for 3D graphite,31,32 could also provide interesting results regarding a determination of E ii (d t ) for SWNT’s, including the dependence of E ii (d t ) on d t . Furthermore, we
can anticipate future experiments on SWNT’s, which could
illuminate phenomena showing differences in the E(k) relations for the conduction and valence bands of SWNT’s. Such
information would be of particular interest for the experimental determination of the overlap integral s as a function
of nanotube diameter. Purification of SWNT’s to provide
SWNT’s with a known diameter and chirality should be
given high priority for progressing research on carbon nanotube physics.
The discussion presented in this paper for the experimental determination of E ii (d t ) depends on assuming s⫽0, in
order to make direct contact with the tight-binding calculations. If s⫽0, then the determination of E ii (d t ) would depend on the physical experiment that is used, because different experiments emphasize different k points in the Brillouin
zone. The results of this paper suggest that theoretical tightbinding calculations for nanotubes should also be refined to
include the effect of s⫽0. Higher-order 共more distant neighbor兲 interactions should yield corrections to the lowest order
theory discussed here.
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