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A review of double resonance Raman spectroscopy is presented.
Non-zone centre phonon modes in solids can be observed in the double
resonance Raman spectra, in which weak Raman signals appear in a wide
frequency region and their combination or overtone modes can be assigned.
By changing the excitation laser energy, we can derive the phonon dispersion
relations of a single nanotube.

Abstract.
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1. Introduction

Carbon nanotubes have become a standard material in nanotechnology and a wide variety of
applications using nanotubes have been proposed and investigated intensively (see this special
issue, and also [1]). One of the most important subjects for nanotube technology is to evaluate
nanotubes in a simple and quick way. In fact, we need to evaluate samples regarding the
following points: (a) the purity of nanotubes, (b) diameter and chirality, (c) whether metallic
or semiconducting, (d) whether a perfect or defective crystal. Raman spectroscopy is a nondestructive, non-dissipative measurement which is made at room temperature and at ambient
pressure. In particular, resonance Raman spectroscopy can select a few nanotubes in the
nanotube sample which are resonant with the excitation laser energy. Thus we can observe the
properties of a nanotube by resonance Raman spectroscopy even for a bundle of nanotubes.
A detailed description of the use of this technique for evaluating the above points is given in
the paper by Jorio et al [2]. In the present paper we focus our attention on the so-called double
resonance Raman spectroscopy.
In the following section, we give the general ideas behind resonance Raman spectroscopy
and of the double resonance Raman process. Then we review the topic of double resonance
Raman spectroscopy of graphite and carbon nanotubes.
2. General idea of resonance Raman spectroscopy

First we give the basic idea of resonance Raman spectroscopy [3, 4] for general readers. For
a photo-excited electron, it will experience some processes before recombining with a hole in
the valence energy band. One of these processes is a scattering process by a quantized lattice
vibration known as a phonon with the phonon wave vector q. The electronic wave vector k
is scattered to k − q (phonon emission) or k + q (absorption), respectively, and the electron
energy is shifted downward or upward by h̄ωq , which is given by observation of the scattered
light and is known as the Stokes or anti-Stokes Raman shift. If a one-phonon scattering event
occurs, it is called a ﬁrst-order Raman process. If either the initial k or the scattered k ± q
electronic states is a real electronic state, the scattering amplitude is enhanced, and this is
known as the initial or scattered resonance Raman process, respectively (see ﬁgure 1(a1, a2)).
This resonance enhancement is understood by quantum mechanical perturbation theory, where
the energy difference denominator for the scattering amplitude becomes zero.
One important aspect of the Raman process in a crystal is that the photo-excited electron
has to go back to its original k state to recombine with the hole at the k state. Because of
this restriction, only a q ∼ 0 phonon wave vector is selected in the ﬁrst-order Raman process.
Thus, in standard solid state textbooks, we see the statement that only the phonon energy at the
centre ( point) of Brillouin zone, which is called the zone-centre phonon mode, is observed
by Raman spectroscopy for solids.
We also expect second-order Raman processes to occur (ﬁgure 1(c1, c2)), by emitting (1)
two phonons with the same frequency or (2) two phonons with different frequencies, which
are called overtone or combination Raman modes, respectively. Another second-order process
is given by one-phonon scattering and one elastic scattering process (ﬁgure 1(b1–b4)). Elastic
scattering occurs in the presence of a defect in the crystal. In the latter case, the one-phonon
energy is observed in the second-order process. Hereafter, we deﬁne the latter case also as a
kind of second-order Raman process and we specify it as a one-phonon, second-order process.
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a2) First-order, (b1–b4) one-phonon second-order and
(c1, c2) two-phonon second-order, resonance Raman spectral processes. Top
panels: incident photon resonance; bottom panels: scattered resonance conditions.
For one-phonon, second-order transitions, one of the two scattering events is
elastic scattering (dashed line). Resonance points are shown as solid circles. See
the text for details.
Figure

1. (a1,

In a second-order process, since an electron is represented by wave vectors q and −q,
respectively, by scattering from and then by back-scattering to the original k state, non-zonecentre phonon modes (q = 0) can be observed in the second-order Raman spectra. That is, (1)
the electron is excited at k, (2) scattered to k + q, (3) scattered back to k and (4) recombined
with a hole at k (see ﬁgure 1(b1–b4) and (c1, c2)). However, the probability for an electron to
be scattered by a phonon (the Raman cross section) is generally small, and thus the probability
for the event occurring twice in a second-order process is much smaller. Moreover, since
q values can be arbitrary in the second-order process, the Raman spectra for the secondorder Raman process generally becomes broad in the case of a crystal. Thus higher-order
Raman processes in solids have not been considered much except for double resonance Raman
spectroscopy [3].
In a double resonance process, the resonance enhancement results in Raman intensities
that are almost of the same order as in the ﬁrst-order resonance Raman spectra [4], and
the corresponding q is selected by the resonance condition. For a one-phonon second-order
process, we can expect four different double resonance Raman processes, as shown in
ﬁgure 1(b1–b4). When we measure the electron energy from that of the valence band at k, the
four resonant conditions of ﬁgure 1(b1–b4) can be expressed, respectively, by
(b1)
(b2)
(b3)
(b4)

Ei (k) = Elaser , E(k + q) = Ei (k) − h̄ωph (q), Ef (k) = E(k + q),
Ei (k) = Elaser , E(k + q) = Ei (k), Ef (k) = E(k + q) − h̄ωph (−q), and
Ei (k) = Elaser , E(k + q) = Ei (k) − h̄ωph (q), Ef (k) = E(k + q),
Ei (k) = Elaser , E(k + q) = Ei (k), Ef (k) = E(k + q) − h̄ωph (−q).

In the above set of equations, the bold face letters imply the existence of a real electronic
state. In the case of graphite, these four processes will give two different phonon frequencies
in the D band which will be shown in the next section. In the anti-Stokes process, we simply
consider the time-reversal counterpart of the corresponding Stokes process, and thus we have
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Figure 2. D and G  bands for a metallic (top) and a semiconducting (bottom)

SWNT at the single nanotube level using 785 nm (1.58 eV) laser excitation. Firstorder Raman spectra, of the radial breathing mode (RBM), and G-band features,
in addition to weak double resonance features associated with the M-band and the
iTOLA second-order modes [8] (see the following sections) are shown. ∗ denotes
non-resonant Si Raman spectra from the Si/SiO2 substrate, which are used for
calibration purposes [9].
four corresponding anti-Stokes processes. For a two-phonon Stokes process, such as the G 
band, the elastic scattering process denoted by a dashed line in ﬁgure 1(b1–b4) is changed
to an inelastic phonon emission process. Then, only the cases (c1) and (c2) of ﬁgure 1 are
possible for two-phonon double resonance processes.
For the one-dimensional (1D) carbon nanotube, the k and q vectors are quantized along
the circumferential direction so that the values of k and q are selected with more stringent
conditions [5, 6]. This is the reason why we observe sharp double resonance Raman peaks
in carbon nanotubes. In fact, the line width of the D band of an SWNT is much smaller (as
low as 7 cm−1 ) than that for graphite (∼50 cm−1 ). Because of the van Hove singularity in the
joint density of states (JDOS), we expect an additional, signiﬁcant enhancement of the Raman
intensity [7].
In the following we will consider each of the important cases of the double resonance
Raman spectra of graphite and nanotubes.
3. D and G  bands of graphite

D- and G  -band features are observed in the Raman spectra of graphite material
at around 1355 and 2700 cm−1 , respectively for a laser excitation energy Elaser = 2.41 eV [7],
[10]–[13]. Neither of them are group-theory predicted, as ﬁrst-order Raman spectra [14, 15].
In ﬁgure 2, we show typical D and G  band Raman spectra of single wall carbon nanotubes
(SWNTs) in metallic (top) and semiconducting (bottom) nanotubes. In ﬁgure 2, we can also
see ﬁrst-order Raman spectra, such as the radial breathing modes (RBM) and the G band at
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Figure 3. Energy contours of E = Ei (k), E(k + q) and Ef (k) are shown as solid

circles around the hexagonal corners of the K or K  points in the 2D Brillouin
zone of graphite. Solid vectors with qintra and qinter denote, respectively, (a) an
intra-valley and (b) an inter-valley scattering from a given k vector, shown near
the upper-right K point. When we measure these q vectors from the  point,
denoted by dotted vectors, qintra and qinter lie, respectively, on a dotted circle
around the  and K points for the given k vector [16].

around 150 and 1590 cm−1 , respectively, and the other weak Raman features which will be
discussed in the last section. Since the frequency of the G  band is close to twice that of the
D-band frequency, the G  band is an overtone mode of the D band. Although the D and G 
bands have been observed for more than 20 years, no clear explanation for the physical origin
was available until the recent work on double resonance theory [7, 13, 16].
The D and G  bands show several unique Raman features.
Feature 1. The D- and G  -band frequency increases with increasing laser excitation energy,
Elaser , in the visible light energy range. The values of the slope of the frequency with
increasing laser energy are ∂ωD /∂Elaser = 53 cm−1 eV−1 and ∂ωG /∂Elaser = 106 cm−1 eV−1 for
the D and G  bands, respectively [17]–[20].
Feature 2. The D-band Raman intensity is large comparable to that of the ﬁrst-order Raman G
band when the sample has a large number of defects, while the G  band always shows a large
intensity comparable to the G band without defects. Thus the D-band Raman intensity relative
to the G-band intensity provides a good index for showing the presence of defects in graphite
materials [18, 19], [21]–[23].
Feature 3. The G  -band frequency is not exactly twice that of the D-band frequency. The
Stokes and anti-Stokes Raman frequencies of the D (or G  ) band are not exactly the same [25].
The D- and G  -band features are explained, respectively, by one-phonon and two-phonon,
second-order Raman scattering processes using double resonance theory [7, 13, 16].
In 2D graphite, the optical transition occurs around the K point (the corners of the
hexagonal Brillouin zone (BZ) (see ﬁgure 3)) where the bonding and anti-bonding π bands
touch each other [14]. The bonding and anti-bonding electronic π bands show a linear k
dispersion relation around the K point within the ﬁrst approximation, as is already shown in
ﬁgure 1,
√
3
(1)
γ0 ka,
E(k) = ±
2
√
where the electronic k vectors are measured from the K point, a = 3aC–C = 2.46 Å and γ0 =
2.89 eV [14]. Thus when Elaser increases, the electron k vectors and the corresponding phonon
q vectors both increase.
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Figure 4. Possible q state for (a) intra-valley and (b) inter-valley scattering from

k to k + q states around K and K  points. When we start at q vector from the 
point, the ﬁnal q states are circles rotating around the (a)  point and (b) K (or K  )
point. The density of states for q is singular at q ∼ 2k (dashed circles) and q ∼ 0
measured from the (a)  and (b) K points [25].

In ﬁgure 3, we show the energy contours of E = Ei (k), E(k + q) and Ef (k) as solid
circles around the K or K  points for the initial and intermediate states. The circle for Ef (k)
(or E(k + q) in the cases of (b1) and (b3) in ﬁgure 1) is slightly smaller by the phonon energy
than that for Ei (k). Here there are two possibilities for selecting the phonon q vectors which
satisfy the double resonance condition, as shown in ﬁgure 3, since there are two inequivalent
corners (K and K  points) in the hexagonal BZ. One possibility for q is phonon scattering
within the same K (or K  ) point denoted by qintra (ﬁgure 3(a)) and the other is phonon
scattering from the K to K  point (or from the K  to K point) denoted by qinter (ﬁgure 3(b)),
which we call intra-valley and inter-valley scattering, respectively. Since equi-energy lines of
electronic energy around the K or K  points are circles, the possible q vectors can lie on circles
rotated around the  or K points for intra-valley or inter-valley scattering processes. In ﬁgure 4
we show this situation for the cases of (a) intra-valley and (b) inter-valley scattering. It is noted
that the difference in diameter for the two circles for k and k + q in ﬁgure 4 is for clarity
taken to be much larger than for the real case. Thus, possible regions of q are within a large
circle whose diameter is close to 2k measured from the centre of the large circle. However,
when we consider the phonon density of states which satisﬁes the double resonance condition,
there are singular points at q ∼ 0 and q ∼ 2k in the phonon density of states [25]. Thus we
can observe q ∼ 0 and q ∼ 2k phonon modes as double resonance modes. For q ∼ 2k phonon
modes, q is selected as 2k which is a function of Elaser . When we see the phonon dispersion
relation of graphite (see ﬁgure 5 (b)), there is only the 1350 cm−1 phonon energy around the K
point, and we can assign D- and G  -band phonons as the intervalley scattering phonons around
the K point. In the case of the G  band, since the Raman shift becomes approximately twice
that of the D band, the slope of the dispersive ∂ωG /∂Elaser becomes twice that of ∂ωD /∂Elaser .
This is the reason for Feature 1.
As discussed in the previous section, in the case of the D band, one of the two scattering
processes is not phonon-related scattering, but is rather elastic scattering by a defect. On the
other hand, since the G  band corresponds to two-phonon processes, we do not need defects
for the G  -band scattering processes, thus providing an explanation for the difference between
the D- and G  -band properties (Feature 2).
Figure 5(a) plots the Elaser dependence of the frequency of the peaks in the density of (k, q)
pairs [16]. The upper axis of the ﬁgure correlates the Elaser (lower axis) values with the phonon
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Figure 5. (a) Calculated Raman frequencies for the double resonance condition
as a function of Elaser (bottom axis) and q vector along –K (top axis). Solid
and open circles correspond to phonon modes around the K and 
points, respectively. (b) The six graphite phonon dispersion curves (lines) and
experimental Raman observations (symbols) placed according to the double
resonance theory. ◦, PG [26]; , C-HOPG [27]; , HOPG [26, 28]; ♦, SWNT [17,
29, 30]; + , GW [31]; , MG [18]. See text for the deﬁnition of sp2 carbons [16].
(c) Phonon dispersion relations of 2D graphite ﬁtted to double resonance Raman
spectroscopy [32].

wave vector q related to each peak. It is noted that the linear relationship between Elaser and
q is valid for Elaser ≤ 3.0 eV. Solid and open circles correspond to the phonon modes around
the K (qKK ) and  (qKK ) points, respectively. Along the –K direction, qKK changes from 
to ∼ 41 K as Elaser increases from 0 to 3.0 eV, while qKK changes from K to ∼ 43 K, so that 21
of the BZ along –K is probed by this range of Elaser . Figure 5(b) shows the graphite phonon
dispersion relations in the –K direction [14, 33]. Vertical dotted lines show the limits for the
qKK and qKK wave vectors imposed by Elaser ≤ 3.0 eV.
By using the Elaser ↔ q relations given in ﬁgure 5(a), we can take experimental values
from several published papers giving Raman frequencies observed using different laser lines
for various sp2 carbons, and we plot all these data points in ﬁgure 5(b), as is usually done for
inelastic neutron scattering determinations of the phonon branches. The symbols in ﬁgure 5(b)
show experimental values for highly ordered pyrolytic graphite (HOPG) [26, 28], pyrolytic
graphite (PG) [26], single wall carbon nanotubes (SWNTs) [17, 29, 30], 12 C ion implanted
HOPG (C-HOPG) [27], micro-crystalline graphite (MG) [18], and graphite whiskers
(GW) [31].
This approach allows us to assign several Raman features previously observed for these
materials. For example, Tan et al [31] reported two dispersive relatively lower phonon
frequency modes in GW, which we assign to two of the three acoustic modes (iTA and LA
in ﬁgure 5(b)), which are resonant by an intra-valley scattering process. The frequency of the
lowest optical branch at 849 cm−1 (oTO) for Elaser = 2.41 eV should be difﬁcult to observe
in a Raman experiment. Here the letters ‘i’ and ‘o’ denote in-plane and out-of-plane phonon
modes, respectively. The features around 1480 and 864 cm−1 are assigned for the ﬁrst time to
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Figure 6. Four different second-order processes in the Stokes (left) and antiStokes (left) D-band Raman spectra (a and c) or (b and d) have the same lengths
of q. Thus we expect to observe two peaks in the D-band spectra for disordered
sp2 carbon [25].

the iTO and oTO phonon branches, respectively. Furthermore, the broad weak signal around
1580 cm−1 which is a background of the strong G-band peaks, is assigned to the LO phonon
branch (q ∼ 0) near the  point [34, 35]. Around 1605 cm−1 , we can see weak features,
denoted by D∗ , which originate from the top of the phonon dispersion relations of graphite.
The D∗ band can be assigned to the intraband q = 2k double resonance Raman spectra. It
is noted here that some other groups use a different notation for D∗ and G  . The calculated
frequencies and their dispersion are in excellent agreement with the experimental results for all
of these features (see ﬁgure 5(b)). On the other hand, we can ﬁt the phonon dispersion relation
so as to reproduce the q-Elaser pairs obtained from double resonance spectroscopy, whose
results are shown in ﬁgure 5(c) [32]. The ﬁtted phonon dispersion relations are different,
especially around the K point, from that obtained using the original force constant set. This
point should be clariﬁed in detail in future experimental and theoretical work.
In solid state physics, the phonon dispersion relations of a solid are determined by either
(1) neutron scattering measurements or (2) angle-resolved electron energy loss spectroscopy
data. Thus double resonance Raman spectroscopy is an alternative method for obtaining the
phonon dispersion relations for graphite-related materials [16, 24]. The merits of this method
are: (a) no large single crystal is needed, (b) a disordered sample is preferable, (c) the accuracy
of the method is similar throughout the BZ even at the zone-boundary.
Finally, to explain Feature 3, we should consider the length of q for the four different onephonon, second-order processes for Stokes and anti-Stokes shifts, as shown in ﬁgure 6 [25].
The processes (b1)–(b4) in ﬁgure 1 correspond to a–d in ﬁgure 6 for intervalley scattering,
which is relevant to the D and G bands. For a given laser energy and phonon energies, the
intermediate states around the K  point show four different k + q states for each of the Stokes
and anti-Stokes processes. For each case, the processes a and c have the same q vector, and
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Figure 7. Stokes and anti-Stokes spectra of the D and G  bands for disordered

graphite with (a) Elaser = 1.92 eV and (b) Elaser = 2.54 eV. To compare with the
D-band frequency (lower horizontal axis), the G  -band frequency is scaled by half
(upper horizontal axis). Stokes and anti-Stokes shifts are shown [25].

the processes b and d also have the same q vector but different from a and c. Thus there
are two different phonon frequencies for Stokes (or anti-Stokes) shifts of the D band. One of
two D frequencies in the Stokes and anti-Stokes processes are the same, and is denoted by
D2 . The D2 frequency corresponds to the process b, indicating that the resonance is with the
incident photon and that the elastic scattering event occurs ﬁrst. This gives the same q for
Stokes and anti-Stokes processes. Let us denote the other frequencies in the Stokes and antiStokes spectra, respectively, by D1 and D3 (D1 < D2 < D3 ).
In the case of two-phonon second-order Raman scattering, only the a and d processes in
ﬁgure 6 are possible by changing the elastic process to an inelastic process. In this case q for
process d becomes smaller (or larger) for the Stokes (or anti-Stokes) spectra and becomes the
same q vector as for the process a. Thus the two processes a and d for the G  band merge into a
single frequency which is exactly twice that of D1 (or D3 ) [25].
In ﬁgure 7, we plot the Stokes and anti-Stokes spectra of the D and G  bands for
disordered graphite, with (a) Elaser = 1.92 eV and (b) Elaser = 2.54 eV. We intentionally ﬁt
the D and G  bands by two and one Lorentzians (Lorentzian is a function for resonance
phenomena [3, 4]), respectively, and the ﬁtted results show that the above analysis ﬁts the
experimental data quite well [25]. Since this ﬁtting procedure works at a different laser
excitation energy, we can conclude that only double resonance theory can explain Feature 3.
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4. D band of nanotube

In the case of SWNTs, the 2D electronic and phonon energy dispersion relations of graphite
are zone-folded along the circumferential direction, which is realized by cutting the 2D BZ
by lines, to obtain a set of 1D energy dispersion relations for SWNTs [14, 36]. The double
resonance theory of graphite can be applied to SWNTs based on either the zone-folded BZ
or on cutting lines in the extended 2D BZ. For simplicity, we explain the double resonance in
the unfolded 2D BZ. Since optical absorption is necessary in the resonance Raman process,
van Hove singularities in the JDOS are essential for obtaining a strong photo absorption (or
emission) and for Raman spectra from a single nanotube. Each van Hove singularity in the
JDOS comes from the ﬂat energy dispersion point on the cutting line, denoted by ki [6, 37].
When the initial (ﬁnal) k and (or) the scattered k + q are van Hove singular ki points, the
corresponding D- and G  -band features are enhanced signiﬁcantly [7].
In the case of the G  band of SWNTs, it is not generally possible that both k and k + q are
simultaneously ki points, since the E(k) and E(k + q) states have different phonon energies.
Thus, even if the double resonance condition was satisﬁed for the 1D k and k + q vectors,
either E(k) or E(k + q) would not correspond to an energy where a van Hove singularity
occurs. An anomalous special situation might occur when the energy difference between two
different Eii ’s of an SWNT coincides with the phonon energy [7]. This situation is possible
for special metallic nanotubes, for which the van Hove singular DOS is split into two peaks
by the trigonal warping effect [37, 38] and the split happens to equal a phonon frequency.
By utilizing the momentum conservation in the unfolded 2D BZ for the electron–phonon
interaction process, we conclude that such an anomalous resonance situation can only happen
for intravalley q = 2k or intervalley q = 0 scattering processes, because the two split VHSs in
metallic SWNTs appear on two different sides of the K point.
In the case of the D-band of SWNTs, it is possible that both the k and k + q wavevectors
are ki points, since the initial k and ﬁnal k + q states can have the same energy if the scattering
process is elastic. As discussed in the previous section, there are four possible, one-phonon,
second-order, double resonance processes. In the case of SWNTs, when both the initial and
ﬁnal states of the elastic process are real electronic states (b and c in ﬁgure 6), we expect
a signiﬁcant Raman intensity at the van Hove singularity. Since these two processes give
different phonon frequencies, the observed D-band spectra of the SWNT should therefore be
ﬁtted by two Lorentzians [5, 6], which appear at different resonant laser excitation energies.
In the experiment, we observe the D-band spectra for an isolated single wall carbon
nanotube when an optical transition occurs between VHSs from the valence to the conduction
bands [39]. Because of this effect, we can explain an oscillatory behaviour of the D- and
G  -band phonon frequencies versus Elaser observed in SWNT bundles [17] by the double
resonance process [7, 37, 39]. When an equi-energy contour touches the cutting lines of
the 1D BZ, the touching point corresponds to ki . The resonant nature of a given intermediate
frequency mode spectrum has been observed by a tunable laser [40]. The double resonance
process occurs from (or to) ki points in the case of SWNTs, while all k points on the energy
contour are possible for 2D graphite. Thus for SWNTs, the contributing phonon q vectors
are limited, and they are not isotropic around the K point, which is the case of 2D graphite
(see ﬁgure 4). Thus in the case of SWNTs, the double resonance process not only determines
the distance of the q vector from the K point, but also speciﬁes the direction of the q vector.
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Figure 8. (a) Second-order scattering q vectors for a single wall carbon
nanotube. A and B are the van Hove singular ki points and the vector AB
corresponds to the phonon wavevector. When we move the vector AB to C,
it is clear that K  C = 2K A in which A  is equivalent to the A point in
the 2D Brillouin zone [5]. (b) Phonon equi-frequency contours (solid lines),
the experimental q-points (open circles), and the corresponding electronic equienergy contours (dotted lines). (c) Dependence of ωph (q) on the q-vector
direction for a given q magnitude q0 = 0.24K. The frequency difference for two
different q-vector directions KM and K, ωph = 24 cm−1 [6].

Since the direction of the cutting lines depends on the chiral angle [14], the chirality
dependence of ωD for isolated SWNTs is well explained by the distance of the ki points from
the K point [39]. The inter-valley phonon q vectors which connect two ki points A and B
are shown in ﬁgure 8(a). When A is located at ki , the inequivalent B point is located at −ki ,
and for any position of ki , we can shift A and B to the nearest K  and K points as shown in
ﬁgure 8(a), using the periodicity of k in the BZ. Further, when we shift the A point to the
 point, the ﬁnal point B moves to C which lies at −2ki position from the same K  point.
Thus, the phonon frequency of the D band is relevant to the ki distance, and more precisely
to the opposite side of ki from the K point. Since the trigonal warping effect affects both the
ki position and the phonon frequency, a chirality dependence of the D-band frequency was
observed [39].
The chirality dependence of the double resonance Raman feature frequency arises from
anisotropy (trigonal warping effect) of both the electronic dispersion relations [39] and the
phonon dispersion relations [6] around the K point, because of the chirality dependence
of the q vector direction, as discussed above. By measuring the double resonance Raman
spectra from SWNTs of different chiralities for a given laser excitation energy, one can
extract information regarding the phonon trigonal warping effect along the electronic equienergy contours around the  and K points in the 2D BZ of the graphene layer. The phonon
frequencies obtained from double resonance Raman features must be up-shifted to account
for the force constant softening induced by the curvature of the SWNT wall [41]. Such
measurements are very sensitive to the electronic trigonal warping effect, which determines
the magnitudes of the k vector for different SWNT chiralities. The electronic trigonal warping
effect, which is known from experimental studies of graphite and SWNTs as well as from
theory [38], needs to be decoupled from experimental data of double resonance Raman
frequencies for a proper determination of the phonon trigonal warping effect. Following this
procedure, the trigonal warping effect of the iTO phonon mode around the K point has been
measured from the G -band frequencies of 11 individual SWNTs of different chiralities and
similar diameters probed at the 514.5 and 488 nm Ar ion laser lines [6]. Figure 8(b) plots the
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Figure 9. Frequency of the 2oTO ( + ) and iTO + LA (ﬁlled triangles)

Raman features in SWNT bundles versus Elaser . The ﬁlled circles and open
circles represent the frequencies of the calculated 2oTO and iTO + LA modes,
respectively [8].
phonon equi-frequency contours, which clearly show the trigonal warping type effect, i.e., the
contour anisotropy around the K point. Figure 8(c) shows the chirality dependence of the iTO
phonon mode frequency for SWNTs with a mean diameter of 1.4 nm. The value of 24 cm−1 for
the variation of ωiTO due to trigonal warping is not a negligible value [6], compared with the
slope of the G  -band frequency.
5. Other intermediate phonon modes

Finally, we brieﬂy mention some other peaks which are related to two-phonon modes. There
are several overtone and combination phonon modes appearing in graphite-based materials.
Using the double resonance theory, we assign speciﬁc combination modes to these features
in the Raman spectra. An important fact for assigning the combination mode is that we
cannot expect to observe a combination mode of intra-valley (q ∼ ) and inter-valley (q ∼ K)
scattering, since the different q vectors cannot be selected in a second-order Raman process.
For two-phonon modes, it is not easy to do an assignment of the combination modes for
conventional graphite, since the signal of two-phonon scattering becomes broader than that for
one-phonon scattering. Thus an SWNT bundle is suitable for ﬁnding a signal if the resonance
Raman condition is fulﬁlled.
In ﬁgure 9 we show the results for the Raman features that appear in an SWNT bundle.
Two features appear in the resonance Raman spectra at around 1750 cm−1 and we call these
features the M band. The M-mode feature is interpreted as an overtone mode of the oTO
phonon modes. The upper feature mode has a large dispersion around 1850–2050 cm−1 and is
identiﬁed with a combination mode of iTO and LA phonon modes, and therefore this mode is
called iTOLA.
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Table 1. Raman mode frequencies of carbon materials.

Name

ω [cm−1 ]

Res.

∂ω/∂E

iTA
LA
RBM
oTO
oTO
D
iTO
BWF
G
D∗
M
iTOLA
G
2iTO
2G

288
453
248/dt
860
865
1350
1450
1550
1590
1605
1750
1950
2700
2900
3180

DR1
DR1
SR
DR1
DR1
DR1
DR1
SR
SR
DR1
DR2
DR2
DR2
DR2
DR2

129
216
0
0
13
53
0
0e
0
∼0
26
230
106
10
0

a

b

c

d

Notes

TA mode, intraV (q = 2k)
LA mode, intraV (q = 2k)
SWNT vibration of radius
oTO mode, intraV (q = 0)
oTO mode, intraV (q = 2k)
LO mode, interV (q = 2k)
LO mode, interV (q = 0)
Metallic SWNT, GIC
Raman active mode
Top of phonon DOS
Overtone of oTO mode
TO + LA
Overtone of D mode f
Overtone of LO mode
Overtone of G mode

frequency is observed at Elaser = 2.41 eV.
ﬁrst-order Raman, DR1: one phonon double resonance Raman, DR2: two phonons, double
resonance Raman.
c The change of phonon frequency (in cm−1 ) by changing the laser energy by 1 eV.
d intraV: intravalley scattering, interV: intervalley scattering. Most values of ω and the slope
∂ω/∂E are taken from graphite-related materials. The values for SWNTs might be shifted. See
text for the corresponding references.
e The value of ∂ω/∂E is ﬁnite for a double resonance process (see text).
f This value is taken from the work of Tan et al [42].
a The
b SR:

Maultzsch and co-workers proposed that the G-band modes in graphite and SWNTs,
which have been understood as ﬁrst-order Raman active modes, are entirely double resonance
Raman processes [24, 35]. The phonon energy dispersion for the highest phonon mode (LO)
increases in energy with increasing k value from the point  (see ﬁgure 5) [14, 32] which can
be seen by double resonance Raman spectroscopy as discussed in section 3 [16]. Group theory
tells us, on the other hand, that the G band is the Raman-active mode of graphite [14]. The
G-band feature is always strong, which does not depend on the number of defects. Thus the
ﬁrst-order Raman process should work except when there are any special reasons that suppress
the ﬁrst-order process. Thus further work is needed to understand the relationship between
ﬁrst-order and double resonance processes for the G band.
In table 1 we list all Raman spectra observed in graphite and SWNTs, where not only
ﬁrst-order Raman, but also the second-order Raman spectral features are included. Mainly, the
slopes of the dispersive phonon modes for graphitic materials are also given.
6. Summary

In summary, using double resonance Raman theory, we can assign many known weak Raman
features of carbon materials appearing below 3000 cm−1 . The dispersive nature of these
Raman features and the discrepancy between phonon frequencies of the Stokes and antiStokes spectra can be explained. Further, the phonon dispersion relations can be obtained
by analysing many peaks from many experiments. In the case of SWNTs, by including the
singularities in the JDOS, we can get sharp double resonance Raman peaks, which are suitable
even for obtaining the anisotropy of the phonon dispersion relations.
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Such information provides not only a standard evaluation of SWNTs and graphite
materials, but also contributes signiﬁcantly to fundamental progress in resonance Raman
spectroscopy. In the future, using a tunable laser and single nanotube spectroscopy, we should
be able to get detailed information on the electronic and phonon structure of a single nanotube
from experiments.
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