to the detector
(mulgithode fiber)

s W 5|it width: 50 pm

T
l ]nﬂdge filter for 532 nm

excitation laser
(singlemode fiber)

W
i
T mv'u focal P|3 ne
“““.'""":1{;'
1

Confocal Raman spectroscopy

Introduction of Gaussian Beam
- Derivation of Laguerre-Gaussian mode -

R. Saito

Tohoku University
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Paraxial Helmholtz Equation

Wave Eq. for Electric field (we can obtain from the Maxwell Eq.)

32
i b

¢~ ot oy Magnetic

] flel<j()
When E // u « e7't, we get the Helmholtz Eq. &
Au+ku=0 (k=w/c)
Propagating in the direction of z:  u = f(x,y,z)e™

o f.o f o' f i
ox* 6y“ 82' oz
Further if £ changes slowly as a function of z compared with the wavelength

“. Electric
\ / field (E)

Propagation
direction

VA

f << k— Gf 8 f i} + 2tk — 2 = (0  (Paraxial Helmholtz Equation)
oz az Ox’ Gy 0z
_2m
k=7
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Solutions of Paraxial Helmholtz Eq.{

(Paraxial Helmholtz Eq.)}

|

|

x Au+k2u 0 u:f(x,y Z)eik‘z A_9 20 108 csf B
\\\\\\\\\\\\\\\\\H\\\\H\HMHHH]
. > g\ =7 Zdi rrrrrrr
mnmmnnnn
Sphencal Paraboloidal Planar
iy — u(r)=éexp ik z+x: ul ikz
u(r) = " @ z 2z u(r) = Ae
— 22T L=l
2 2, 2 \W/2 A ) +
T I bl
2 _g 1+ 2 7Y ik (x? + y?
92u 1 u 2 of iKx of _ —£+f- ik(x*+y°)
W=(U€—;> u+r_2 ) ,2 ax_f 7z 0z  z 222
(g2 Bk 2 g4 X TY 0°f irx\’ K
( K r rz)u 2Z W—f <7> +f-— 52f 52f 2_kg_0
0° 29 ., =0 2 0°f ixy\’ iK ox? +6y2+ i
7+;§+K u = Au+ku=0 a_yz=f<7) _|_f?

32

2 T or "0 7Psm000 | r2sin?f 0g7
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aussian beam (@)D))WDD@M))))))DD )))J)))))) )))* (B vt <0

Paraboloidal wave
2 2 e —) 7z — 1z 2 2
{ikx Y } ', f=—2% exp{ikW} is also a solution
0 dz-z) 4 9
R(2), w(z) 0z 9z 0(z—1z,) 0(z—zp)

f=Zexp
Z

Complex beam parameters :

1 S 1 r 2 2 \2 e 25 2
= . — +i—" — e s Rl =| 220
F—iiz, 24P RE) T Rb(E) R(z){H( Z } } w(Z)W{H(zO) } =4 ( ik j

0

A . X +yEl 1 . 2 p=(x*+y)"” amplitude phase
= —exp| ik ™ +1k : A . .
Z-1z, 2 (z) w(z) Ay =— — u=fe™ =|A, et exp| — '? xp| k| z + N —15(2)
i p: p: Z Zo w(z) w(2) 2R(=)
=A, exp{— . :xp[ik - i-;(z}} ¢(z) = —tan?! (—)
uKe) o ) 2E) 27"/ Intensity of the beam N
/ 1 = Xe—iC(Z) Ay = i oo ‘ | —£ i 2p°
zZ — 1z 12 o\ -1 %o ‘e w(z) T (2)
. 2
_|ztize| 1 1 L+ z W p
|22+ 22| \2% + 22 Zo Z  zow(2) ‘ Iy = A3
Zg I “ s=zo]
/// Gaussian beary 4/14

et (@ = cos(g(z)) — isin(g(z)) —_ tan(g(z)) =20
AN

o




Beam parameters -
p [fo 5 Zy{ + 2ik% =0 (Paraxial Helmholtz Eq.)}

Rayleigh range z, on z-axis (p = 0) 1(0,0,2)

(¥ | | zo: Rayleigh range /2 ;
D0 z)=1 a == . - £l ) " y,“‘_ = 2 gt \1/2
i OLU(ZJ 1+(2/z,) etti=% R(z):z{u(z"] } w(z)w{w(‘j) } w, E(zz"}
e .;:;I.:;s i T Z z, k j
Beam radius: w(z), beam waist: w(0) = w, “0 d |
i, 3 amplitude Gouy’s phase
IU(Z)IMD{I-F{—J‘ Uy —[ 2 ]bh - uzfeikz =lA W exp) XPp k| z + pz —zg(Z)
o/ | T g . ’ LU(Z) 2R(Z)
Beam divergence: w(z) « z, divergence angle: 9, “o0 ‘
I ] E{x: KE 2 ]] 2
6, = lim w(z) _ W, A P Y
AT B Z, AWy
Conforcal parameter: 2z,, depth of focus f Intensity of the beam \
2 w : 2}92
1(0,0,0 I=|u =IO|: 2 :| exp|:— : }
1(0,0,2,) = ( > ) w(z) w'(z)
p
w — A2
w(zo) = 70 ‘ Iy = A
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Beam can not be focused < 2w,

0z

62f+62f
ox* oy’

+ 2iki =0 (Paraxial Helmholtz Eq.)}

Conforcal parameter: 2z,, depth of focus

1(0,0,0) R(z) {1 (ZO ﬂ (2) {u( z le w —(220 ]lx:
Z)=2Z| 1+ | — =z EIUD — b =
1(0,0,z,) = 2 ’ z 2, k
amplitude Gouy’s phase
w(zo) = V2w, P ySPb

w,

u =fe‘kz =E40

w(z)

exp[%p[ik(“

P

2R(=)

)

pz{x3+y:]“
Az ~w A n_h _ﬁ
0s Pz~ %, = W Pz =7 ﬂntensity of the beam
A h A A
g = pz__._z_ —_— W0~%</1'%<l, (9<§) w,

= = IE|u|2 =IO|: } exp|:— 2,ph
p. Wwo h wy w(z) w(2)

_ We can not focus less than A!
Radius of wavefront: R(z)

R(z) .
R(z)==z -

i Zu LT S
l+1— ‘ . B
Z |

5

IO=A%

~

=
ztr—
2Z |

ux exprik‘f




Higher order Gaussian Beam

Hermite-Gaussian mode

= (S s 22 o (2

Lindlein N., Leuchs G. (2007) Wave Optics. pp152-155 In: Trager F. (eds)

Laguerre-Gaussian mode

u(r,,2) = O % (W‘ﬁ})l (o) ¥ (5

3

. o0 o
cxp( szR{z))cxp{ ilg) expliy(z)) .

oo [ f d;sf dr|u(
= ' =4 ™ ’.l""'!.l! ™ ,..
v =\ xp+ ) A

Since | could not find the derivation of
Laguerre-Gaussian mode,
hereafter | solved by myself!!

u=f(x,y,z)e"
) exp(—i z

Springer Handbook of Lasers and Optics. Springer Handbooks. Springer, New York, NY

)X

(a)-1 (a)-2

T —

(b)-1 (b)-2

Twelve Hermite-Gaussian modes &

at beam waist. (z) p=0,m=1. (B)p=0,m=3

H. Kogelnik, T. Li, Proc. IEEE 54, 1312 (1966)
— 4+ ——2k— =0 (11)

b) Modes in Cylindrical Coordinates: For a system with

a cylindrical (r, ¢, z) geometry one uses a trial solution
for (11) of the form

v = 9(5) exp {—j(P+2—Z-r= + w)} . (38)

After some calculation one finds

T 2 o r
(D))
w w?

where L,' is a generalized Laguerre polynomial, and p
and [ are the radial and angular mode numbers. Ly{(x)
obeys the differential equation

e e A e
o @+ x)

T

dl,
+ oLt =0. (37)
dr

[ =]

Fig. | Intensity disributions ((z)-1. (b)-1) and phase distri-
butions ((a)-2. (b)-2) of Laguere-Gaussian beams

Of

714



Laguerre-Gaussian mode O _1 b
H. Kogelnik, T. Li. Proc. IEEE 54, 1312 (1966) ar w Q- . -
(o] . .
Paraxial Helmholtz Eq. Cylindrical coordinate o*% _ 1., 2ir o Kk K
2W  92¢ 9y 02 2 o2 10 102 | o w2 T wg?T T T
2. - = 0 = —_— —_—
0x? * dy? alx 0z 0x? * dy? 0r? * r or * r2op? | g2y , F
We assume the shape of ¥ dp? —togF
ey e |
=g expy—iP(z re—itoc=gF(r, oz rw’ . ixq'
w(z 2q(z)  — ' _ipl _ 2
(2) q \@ W2gF+<lP 2q2r>gFJ
4 1 (92,10 1092 0\, N\
gF \or? rodr r2de? "oz N
c A G D BB’ F H | E {
1 g" 1 2ikrw' 2ikr\g 2ix £? | K*q'r? KPr?
=—=—+ — — + —+———+2kP s————1=0
. K2r?
P. Helmholtz Eq. should not diverge for r — 7 (q' — Dr? « r?

- q' =1 ->®) ->q=2z—iz
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(2:2)

I I AL PSR — g ; e 2 ippl =
Variable separation gyt =0 w=o(g)ew|re v i) = ot
[ 1 02 10 1 0% 0 \ .
g_F X = + - + T_Z_a(p + ZIKE Y (@'=1) N Analogous to Gaussian beam
7 .
c A G D BB’ F H I E 1 _ l il ,
1 g" N < 1 2ikrw’ N 2im‘>g’ N 2ik 2 + 25" q'r?  K*r? 0 2q R mw?
o — — L — K — = 2 .
w2 wr w2 w r2 2 2 square1 1 A 2id
< g a)9__a q CIJ )= = nw‘}ranZ
derivatieve q
c A GD BB F H 1 g 2w’
1 g” 1 4r\g 2ik ¥ e (‘) — p+
_J +< - 3>g—+———2—2;cp'_0 a) @ ¢ |’
w? g wr wi3lg q r (q _
w(z),q(2), P(z) are functions of z. Compare real and 'mag/'{lfzgans "
Variable rseparation ce \ ~R'=1- il w' = =
21K
c R T:;ZKP =Ff(z) /1 2ikrw’  2ikr 1 2ikr 2ikr
] 1 g" 1 4r\g’ €2 wr w2 wqg wr WwR w
+ - ———=—f(2)
w2 g \wr wdjg B 5 ° ¢ ° 1 2kl
wr w3
Xw?g a=wif(2) 1 4y
\ = wr W (kA = 2m)

/

9/14



v oY oV r . ix |
Laguerre differential EqQ. sz+o:+ad -0 v=o(o0)ew{-r+ 505 - o) = or 000
2 p2 )
o Gt w_ar\ (vt _ =O\ _2r? r[x w2
T W) T\ )T S e A
r £
We assume the shape of = x2L(x dx 4r X
d%g dg \/7 (2{’2 . w
8x— +4 2NV 2x |2V 2 =0
N dx( \/_x>\/_x 2 _o)g N U
8xd—g+(8—8x)d—g—<2—€2—a>g=0 a(@) (D) aET
2 x w w
? . dg dg dx dg
8x2 +1L”+8€x2L’+2€(€ 2)x“1 W g A AT
ep ot 27 ¢ ‘ d(5) #d(y)
+(8—8x)|x2L'+=x2 L)|—-|——« x2L=OJ
2 X d2g dg
¢ g'=8x——+4—
~ 8x2 5 dx dx
, ° « g J/
xL" + L + (£ — 2)—L+(1—x) L'+—L ——=|L=0
4x 2x 4x 8 (d ¢ ¢t
XL+ (£ +1—x)L — A P =L+
2 8 B € (04 dch P 2 ey y
_<§_§> =n 7‘2—sz”+&¢2 1L’+2<§—1>x§_2L
(xL”Jr(f +1—x)L"+nL =0 ) \. 10/14




Laguerre differential Eq.

-

Step1
Y=g

Y

dx?
< r
w(z) 2 ( )

step2 q' =1->q(2) =z+4+qy =2z — iz,

21?2

v
+——+2

3y ik—=20

0z
> exp {—lP(Z) +

r
Step3 g ( ) ZL{) n(x) X

w(2)

v

~

r? — if(p}

¥

( Laguerre differential Eq.

GU;” + (£ +1—x)L8 +nlL, =D

2

= w?f(z) =8n+4¢

-

~

n=-— (— — g) =: integer— L = L (x)

/

ﬂKogelnik, T. Li, Proc. IEEE 54, 1312 (196h

oo
izt oyt d

b) Modes in Cylindrical Coordinates: For a system with

& cylindrical (r, ¢, z) peometry one uses a trial solution
for (11) of the form

w=9(i)‘exp{—j(1>+$;r=+w)}. )

After some calculation one finds

T r
w v}
where L, is a gencralized Laguerre polynomial, and p

and [ are the radial and angular mode numbers. L,{x)
obeys the differential equation

(1)

(36)

d*Ly!

dL,’
KJ‘—HH-I z)——+p1.‘ 0. (37)
dr? iz

/ Associated Laguerre polynomials: L, \

Lﬁ(x) =1
Lix)=1+¢—x
Recursion formula
Cn+1+£€—x)L5(x) — (n+ )L
n+1

1 ()

L£l+1(x) =
Rodrigues's Formula

dn
L (x) = P

oy (e—x n+€)

Generating function

z t"LE (x) = a

—t £+1
n=0 )

_tx
e 1-t

\_

¢ = 0 Laguerre polynomials LY, = L,
Ly(z) =1 Recursion formula
Ll (.’I.‘) = —+ 1 d 2
r—Lp(z) =nLy(x) —n"L, 1(x
Lo(z) = 2? — 4o + 2 &z %) (=) 1(]2
Lg(:}:) ° +9r° — 182z + 6 Ly ('1:] — (2n il m}Lﬂ(m} - n Lu—l(-r}

/
g

/

11/14



Compare with Gaussian beam v s  av “’=9<WZZ)> exp{—ip(z)+2;’(“2)r2—w<p}ng(mp,z)
ﬁ W—*— ZIKE =0 ) ) , B |
9<W(Z)> =x2lh(x) q =1->q=z—iz

g _ 2 0 _
QLn e 0F Il = e —D n=— (g — %): integer

a =w?f(z) =8n+4¢

~

,_(4n+2b

2

1

/ Gaussian beam
1

z+iz, _

1 J—
/ @

1

Z

S =
Bz, =Z+E REZ) ku(z)

2 Z

R(z)

b

z -1z,

[ s
21K . 8n + 44 1
7+2KP =f(Z)= W2 - — =1 W2
L_1, 2, i(n+20)
q R kw? Kw?2
'P’—1+ 21 +i(4n+2€)_1+i(4n+2€+2)
TR T w? kw2 R Kw? /
,_1+(4n+2{’+2)_ z zo(Zn+£+1)
\ iR Kw? Ci(z2+z) (22 + z§)
2, 2
. logZ +2Z0
Z
P=jP’dz= 2i° +2n+£+ DyY(2)
0
1

2

exp{—iP(z)} = <1 +—
Zo

z ) * X expl—i(2n + £ + Dp(2)}

2 —1z,

KA" W
w(z)

—_ > 2
z%+z§

exp[ik

x> +y’
2(z -

kw2(z)  z2+z2

izo)} Ao =

2

.

exp{ik

.’ »
—ex

_
p[ w’(2)

ey 1,2 H

R(z) kw'(z)

}xpg-ik o

2R(2)

—i_:(z}}

A
Zy

/

z z
d
fo Y@+ 2D

Z
j dz %o
0 (22 +Zg)

z? + z¢

Z5 tan(g(z)) =

z T
= arctan (z_0> =yY(z) = 0 +¢(2)



Solution of Laguerre Gauss mode
Paraxial Helmholtz Eq.
/ Gaussian beam \
ov  o¥ _a_lpz _(f_a\= . 1 1 zZ+1iz, 1 g 2
AT T (2 8) = m: Integer 1@ z-iz, z°+z' R@) ki)
1 1
Zo 2 4 %12 — 2ZO 2
(e e o N [t @ el
2\ 2
£ V2r 2r? 272 (1 it Z_) _ o
g(w(z)) = = (w(z)) F ( zm) - — )
2 exp[zk * +y } Ay =—
+ ¢+ DY(2)} i ~ %) Zo

22\ 72
exp{—iP(2)} = (1 + ;) x exp{—i(2n

K
exp 20 r

\-

-ool-)olisi)

(

wo (V271 2r° r2 2 . .
e (W(z)) : ( G )) ( Wz(z)) - (m RGP min iy DMZ))
" 2T2
xL4 () + (£ +1— 0)LE (%) + nLé(x) = 0 x="3
1 1
2\2 3
\R(Z) = 2{1 + (2;0)2}: w(z) = wy {1 + (zi()) } , Wy = <2Kﬂ> . Y(z) = arctan <Z£0>j

~N

-

{ s |

Sl e ]/

2R(2)

13/14



Comparison with previous solutions for Laguerre Gauss modes

' .
Present results 32 5:; + 21;c?3—j =0 - (E - g) = n: integer
f_ wo (V271 2r? r? _r? . ] \
¥= w(z) (W(Z)) Ln ( 2(z )) <_ W2(2)> exp <uc 2R@) itp —i(Cn+ 4+ 1)’!’(2))
12 ! 27‘2
xLE () + (£ +1 — )L (x) +nll(x) =0 X =3

0= @) v 3]

1
2

1
2 z
, Wy = <%) , Y(z) = arctan <—

)

ov

LG_

Q

(

I 2R(z)

1,!'?7@_1_ o fﬂrd(,ﬁf rdrlu(r, ¢, z

ﬂKogelnik, T. Li, Proc. IEEE 54, 1312 (1966) \
(=
w?(2)

) exp(-its) exp(iv(z))

ry2
w(z)

14
) exp

2

2r?

w?(2)

()

),

mpaufler et al, J. Opt 21 094001 (201&

1 .

Mo Ll 20

W(z) "I w2
i o o P AP =

< expl — exp| ik + i®c(7) + ilp]
p( wzm) p[ R P]

Here W, is the beam waist, W(z) = Wo

\."Ep

LGia(p, i, 2) =uir) = E
Lpl@. @ W@

(6)
1“.'Il + :— is the beam

width any i# is the Rayleigh range. The Gouy phase

=

D;(z) = —(|¢] + 2p + 1)arctan (;) refers to a phase shift

when passing through the focus of the beam, Lj,l,” [x] are the

ﬁaus&an beamn=+¢=0,L3(x) =1 \
1 1 z+izy 1 . 2
q(2)

- Rz) kw'(z)
1
R(z) = Z{l + (ZZ—O)Z}, w(z) = wy {1 + (%)2}2 , W
1

. 7 3
iz, &3,

1

)

associated Laguerre polynomials and R(z) = Z(l + 1) is
kphusc front radius. The OAM ¢ induces the azimulfy

1+Z2 _E— Yo
z2 " w(2)
o Y
= exp| ik =
z -1z, 2(z —-1z,)
A
Ay = — 2 2
0 Zo = - expikx+y[ : +1 2
z-iz, 2 R(z) kw(z)
=A, w, P:

exp{—

Lindlein N., Leuchs G. (2007) Wave Optics. In: Trager F. (eds) Springer
Handbook of Lasers and Optics. Springer Handbooks. Springer, NY

5 g2
" w(z) w:(z)}xljl} 2R(2) Mz)}

ki (r, & 2¥=Citr oy E”])“
L-p-'i( MJZ?I‘EE-:]—JexI)( —ilg)

y2 C i
w?(z) chp[_zfele]
expli(2p+|{|+1) ¥ (2) ] (

Xexp[—

14/14



