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Introduction of Gaussian Beam
- Derivation of Laguerre-Gaussian mode -

R. Saito

Tohoku University

Confocal Raman spectroscopy
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Paraxial Helmholtz Equation

Wave Eq. for Electric field (we can obtain from the Maxwell Eq.)

When // ି௜ఠ௧, we get the Helmholtz Eq. 

Propagating in the direction of : 

Further if f changes slowly as a function of z compared with the wavelength 

(Paraxial Helmholtz Equation)

𝑧

𝜅 =
2𝜋

𝜆
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Solutions of Paraxial Helmholtz Eq.

𝜕𝑓

𝜕𝑥
= 𝑓 ⋅

𝑖𝜅𝑥

𝑧

𝜕ଶ𝑓

𝜕𝑥ଶ
= 𝑓 ⋅

𝑖𝜅𝑥

𝑧

ଶ

+ 𝑓 ⋅
𝑖𝜅

𝑧

𝜕ଶ𝑓

𝜕𝑦ଶ
= 𝑓 ⋅

𝑖𝜅𝑦

𝑧

ଶ

+ 𝑓 ⋅
𝑖𝜅

𝑧

𝜕𝑓

𝜕𝑧
= −

𝑓

𝑧
+ 𝑓 ⋅

−𝑖𝜅(𝑥ଶ + 𝑦ଶ)

2𝑧ଶ

∴

𝜕𝑢

𝜕𝑟
= 𝑖𝜅 −

1

𝑟
𝑢

𝜕ଶ𝑢

𝜕𝑟ଶ
= 𝑖𝜅 −

1

𝑟

ଶ

𝑢 +
𝑢

𝑟ଶ

= −𝜅ଶ −
ଶ௜఑

௥
+

ଶ

௥మ 𝑢

∴  
𝜕ଶ

𝜕𝑟ଶ
+

2

𝑟

𝜕

𝜕𝑟
+ 𝜅ଶ 𝑢 = 0

(Paraxial Helmholtz Eq.)

𝑧
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Gaussian beam 

Paraboloidal wave 

(Paraxial Helmholtz Eq.)

is also a solution 

Complex beam parameters : R(z), w(z)
𝜕

𝜕𝑧
=

𝜕(𝑧 − 𝑧଴)

𝜕𝑧

𝜕

𝜕 𝑧 − 𝑧଴
=

𝜕

𝜕 𝑧 − 𝑧଴

Intensity of the beam  

𝜌

Gaussian beam 

𝜍 𝑧 = −tanିଵ
𝑧଴

𝑧

𝐴଴ =
𝐴

𝑧଴
 

1

𝑧 − 𝑖𝑧଴
= 𝑋𝑒ି௜చ ௭

𝑒ି௜ ௭ = cos 𝜍 𝑧 − 𝑖sin 𝜍 𝑧 tan 𝜍 𝑧 = −
𝑧଴

𝑧

𝑋 =  
𝑧 + 𝑖𝑧଴

𝑧ଶ + 𝑧଴
ଶ =

1

𝑧ଶ + 𝑧଴
ଶ

ଵ/ଶ

=
1

𝑧଴
1 +

𝑧

𝑧଴

ଶ ି
ଵ
ଶ

=
𝑤଴

𝑧଴𝑤(𝑧) 𝐼଴ = 𝐴଴
ଶ

amplitude phase

𝐴଴ =
𝐴

𝑧଴
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Beam parameters
Rayleigh range ଴ on z-axis 

(Paraxial Helmholtz Eq.)

Beam radius: 𝑤(𝑧), beam waist: 𝑤 0 = 𝑤଴

Intensity of the beam  

𝜌

Gaussian beam 

𝐼଴ = 𝐴଴
ଶ

amplitude Gouy’s phase
𝑧଴ 𝑧

𝐼(0,0, 𝑧)

𝑧𝑧଴Beam divergence: 𝑤 𝑧 ∝ 𝑧, divergence angle: 𝜃଴

𝜃଴

𝑤଴

Conforcal parameter: 2𝑧଴, depth of focus

𝐼 0,0, 𝑧଴ =
𝐼 0,0,0

2

𝑤 𝑧଴ =
𝑤଴

2
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Beam can not be focused < 2
(Paraxial Helmholtz Eq.)

Intensity of the beam  

𝜌

Gaussian beam 

𝐼଴ = 𝐴଴
ଶ

amplitude Gouy’s phase

Conforcal parameter: 2𝑧଴, depth of focus

𝐼 0,0, 𝑧଴ =
𝐼 0,0,0

2

𝑤 𝑧଴ = 2𝑤଴

Uncertainty principles: Δ𝑧Δ𝑝௭ > ℏ/2

Δ𝑧 ∼ 𝑤଴,  

𝜃଴

Δ𝑝௭ ∼
ℎ

Δ𝑧
=

ℎ

𝑤଴

𝑝௭ =
ℎ

𝜆

𝜃 ≡
Δ𝑝௭

p୸
=

ℎ

𝑤଴
⋅

𝜆

ℎ
=

𝜆

𝑤଴
𝑤଴ ∼

ఒ

ఏ
< 𝜆 ⋅

ଶ

గ
< 𝜆, (𝜃 <

గ

ଶ
)

We can not focus less than 𝜆!
Radius of wavefront: 𝑅(𝑧)

𝑅(𝑧)

𝑧
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Higher order Gaussian Beam
Hermite-Gaussian mode

Lindlein N., Leuchs G. (2007) Wave Optics. pp152-155     In: Träger F. (eds) 

Springer Handbook of Lasers and Optics. Springer Handbooks. Springer, New York, NY

Laguerre-Gaussian mode H. Kogelnik, T. Li, Proc. IEEE 54, 1312 (1966)

Since I could not find the derivation of 
Laguerre-Gaussian mode, 
hereafter I solved by myself!!
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Laguerre-Gaussian mode 
H. Kogelnik, T. Li. Proc. IEEE 54, 1312 (1966)

𝜕ଶΨ

𝜕𝑥ଶ
+

𝜕ଶΨ

𝜕𝑦ଶ
+ 2i𝜅

𝜕Ψ

𝜕𝑧
= 0

𝜕ଶ

𝜕𝑥ଶ
+

𝜕ଶ

𝜕𝑦ଶ
=

𝜕ଶ

𝜕𝑟ଶ
+

1

𝑟

𝜕

𝜕𝑟
+

1

𝑟ଶ

𝜕ଶ

𝜕𝜑ଶ

Paraxial Helmholtz Eq. Cylindrical coordinate

Ψ = 𝑔
𝑟

𝑤(𝑧)
exp −𝑖𝑃 𝑧 +

𝑖𝜅

2𝑞 𝑧
𝑟ଶ − 𝑖ℓ𝜑 ≡ 𝑔𝐹(𝑟, 𝜑, 𝑧)

We assume the shape of Ψ

𝜕Ψ

𝜕𝑟
=

1

𝑤
𝑔ᇱ𝐹 +

𝑖𝜅𝑟

𝑞
𝑔𝐹

𝜕ଶΨ

𝜕𝑟ଶ
=

1

𝑤ଶ
𝑔ᇱᇱ𝐹 +

2𝑖𝜅𝑟

𝑤𝑞
𝑔ᇱ𝐹 −

𝜅ଶ𝑟ଶ

𝑞ଶ
𝑔𝐹 +

𝑖𝜅

𝑞
𝑔𝐹

𝜕ଶΨ

𝜕𝜑ଶ
= −ℓଶ𝑔𝐹

𝜕Ψ

𝜕𝑧
= −

𝑟𝑤ᇱ

𝑤ଶ
𝑔ᇱ𝐹 + −𝑖𝑃ᇱ −

𝑖𝜅𝑞ᇱ

2𝑞ଶ
𝑟ଶ 𝑔𝐹

A B

C D E

F

G H I

1

𝑔𝐹
×

𝜕ଶ

𝜕𝑟ଶ
+

1

𝑟

𝜕

𝜕𝑟
+

1

𝑟ଶ

𝜕ଶ

𝜕𝜑ଶ
+ 2i𝜅

𝜕

𝜕𝑧
Ψ

=
1

𝑤ଶ

𝑔ᇱᇱ

𝑔
+

1

𝑤𝑟
−

2i𝜅𝑟𝑤ᇱ

𝑤ଶ
+

2𝑖𝜅𝑟

𝑤𝑞

𝑔ᇱ

𝑔
+

2𝑖𝜅

𝑞
−

ℓଶ

𝑟ଶ
+ 2𝜅𝑃ᇱ +

𝜅ଶ𝑞ᇱ𝑟ଶ

𝑞ଶ
−

𝜅ଶ𝑟ଶ

𝑞ଶ
= 0

C A G D BB’ F H I E

𝜅ଶ𝑟ଶ

𝑞ଶ
𝑞ᇱ − 1 𝑟ଶ ∝ 𝑟ଶP. Helmholtz Eq. should not diverge for 𝑟 → ∞

→    𝑞ᇱ = 1 𝑟 → ∞ → 𝑞 = 𝑧 − 𝑖𝑧଴

B’
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Variable separation
𝜕Ψ

𝜕𝑥ଶ
+

𝜕Ψ

𝜕𝑦ଶ
+ 2i𝜅

𝜕Ψ

𝜕𝑧
= 0 Ψ = 𝑔

𝑟

𝑤(𝑧)
exp −𝑖𝑃 𝑧 +

𝑖𝜅

2𝑞 𝑧
𝑟ଶ − 𝑖ℓ𝜑 ≡ 𝑔𝐹(𝑟, 𝜑, 𝑧)

1

𝑔𝐹
×

𝜕ଶ

𝜕𝑟ଶ
+

1

𝑟

𝜕

𝜕𝑟
+

1

𝑟ଶ

𝜕ଶ

𝜕𝜑ଶ
+ 2i𝜅

𝜕

𝜕𝑧
Ψ

C A G D BB’ F H I E

1

𝑤ଶ

𝑔ᇱᇱ

𝑔
+

1

𝑤𝑟
−

4𝑟

𝑤ଷ

𝑔ᇱ

𝑔
+

2𝑖𝜅

𝑞
−

ℓଶ

𝑟ଶ
− 2𝜅𝑃ᇱ = 0

C A GD BB’ F H

Analogous to Gaussian beam

1

𝑞
=

1

𝑅
+

𝑖𝜆

𝜋𝑤ଶ
, 

→  
1

𝑞

ଶ

=
1

𝑅ଶ
−

𝜆ଶ

𝜋ଶ𝑤ସ
+

2𝑖𝜆

𝜋𝑅𝑤ଶ

→ −
1

𝑞

ᇱ

=
𝑞ᇱ

𝑞ଶ
=

1

𝑞ଶ
=

𝑅ᇱ

𝑅ଶ
+

2𝑖𝜆𝑤′

𝜋𝑤ଷ

(𝑞ᇱ= 1)

square

derivatieve

∴ 𝑅ᇱ= 1 −
𝜆ଶ𝑅ଶ

𝜋ଶ𝑤ସ
 ,  𝑤ᇱ =

𝑤

𝑅

Compare real and imaginary parts

(𝑞ᇱ= 1)

1

𝑤𝑟
−

2i𝜅𝑟𝑤ᇱ

𝑤ଶ
+

2𝑖𝜅𝑟

𝑤𝑞
=

1

𝑤𝑟
−

2i𝜅𝑟

𝑤𝑅
+

2𝑖𝜅𝑟

𝑤

1

𝑅
+

𝑖𝜆

𝜋𝑤ଶ

=
1

𝑤𝑟
−

2𝜅𝑟𝜆

𝜋𝑤ଷ

(𝜅𝜆 = 2𝜋)

w z , 𝑞 𝑧 , 𝑃 𝑧  are functions of 𝑧. 

            
2𝑖𝜅

𝑞
+ 2𝜅𝑃ᇱ ≡ 𝑓(𝑧)

1

𝑤ଶ

𝑔ᇱᇱ

𝑔
+

1

𝑤𝑟
−

4𝑟

𝑤ଷ

𝑔ᇱ

𝑔
−

ℓଶ

𝑟ଶ
= −𝑓(𝑧)

Variable separation
BB’ H

× 𝑤ଶ𝑔 𝛼 ≡ 𝑤ଶ𝑓(𝑧)

∴ 𝑔ᇱᇱ +
𝑤

𝑟
−

4𝑟

𝑤
𝑔ᇱ −

𝑤ଶℓଶ

𝑟ଶ
− 𝛼 𝑔 = 0

C A GD F

=
1

𝑤𝑟
−

4𝑟

𝑤ଷ

=
1

𝑤ଶ

𝑔ᇱᇱ

𝑔
+

1

𝑤𝑟
−

2i𝜅𝑟𝑤ᇱ

𝑤ଶ
+

2𝑖𝜅𝑟

𝑤𝑞

𝑔ᇱ

𝑔
+

2𝑖𝜅

𝑞
−

ℓଶ

𝑟ଶ
+ 2𝜅𝑃ᇱ +

𝜅ଶ𝑞ᇱ𝑟ଶ

𝑞ଶ
−

𝜅ଶ𝑟ଶ

𝑞ଶ
= 0

A G D
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Laguerre differential Eq. 𝜕Ψ

𝜕𝑥ଶ
+

𝜕Ψ

𝜕𝑦ଶ
+ 2i𝜅

𝜕Ψ

𝜕𝑧
= 0 Ψ = 𝑔

𝑟

𝑤(𝑧)
exp −𝑖𝑃 𝑧 +

𝑖𝜅

2𝑞 𝑧
𝑟ଶ − 𝑖ℓ𝜑 ≡ 𝑔𝐹(𝑟, 𝜑, 𝑧)

𝑔
𝑟

𝑤(𝑧)
= 𝑥

ℓ
ଶ𝐿(𝑥)We assume the shape of 𝑔

𝑥 =
2𝑟ଶ

𝑤ଶ
,

𝑟

𝑤
=

𝑥

2
 ,

𝑤

𝑟
=

2

𝑥
 

𝑑𝑥

𝑑
𝑟
𝑤

=
4𝑟

𝑤
= 4

𝑥

2
= 2 2𝑥

𝑔ᇱ =
𝑑𝑔

𝑑
𝑟
𝑤

=
𝑑𝑔

𝑑𝑥

𝑑𝑥

𝑑
𝑟
𝑤

= 2 2𝑥
𝑑𝑔

𝑑𝑥

𝑑 𝑥

𝑑
𝑟
𝑤

=
𝑑 𝑥

𝑑𝑥

𝑑𝑥

𝑑
𝑟
𝑤

=
1

2 𝑥
2 2𝑥 = 2

𝑔ᇱᇱ = 8𝑥
𝑑ଶ𝑔

𝑑𝑥ଶ
+ 4

𝑑𝑔

𝑑𝑥

8𝑥
ௗమ௚

ௗ௫మ + 4
ௗ௚

ௗ௫
+

ଶ

௫
 − 2 2𝑥 2 2𝑥

ௗ௚

ௗ௫
−

ଶℓమ

௫
− 𝛼 𝑔=0

ௗమ௚

ௗ௫మ

ௗ௚

ௗ௫

ଶℓమ

௫
=0

 
ௗ௚

ௗ௫
= 𝑥

ℓ

మ𝐿′+ℓ

ଶ
𝑥

ℓ

మ
ିଵ𝐿, 

𝑑ଶ𝑔

𝑑𝑥ଶ
= 𝑥

ℓ
ଶ𝐿ᇱᇱ + ℓ𝑥

ℓ
ଶ

ିଵ𝐿ᇱ +
ℓ

2

ℓ

2
− 1 𝑥

ℓ
ଶ

ିଶ𝐿

8𝑥
ℓ
ଶ

ାଵ𝐿ᇱᇱ + 8ℓ𝑥
ℓ
ଶ𝐿ᇱ + 2ℓ ℓ − 2 𝑥

ℓ
ଶ

ିଵ𝐿

+ 8 − 8𝑥 𝑥
ℓ
ଶ𝐿′+

ℓ

2
𝑥

ℓ
ଶ

ିଵ𝐿 −
2ℓଶ

𝑥
− 𝛼 𝑥

ℓ
ଶ𝐿 = 0

∴ 𝑔ᇱᇱ +
𝑤

𝑟
−

4𝑟

𝑤
𝑔ᇱ −

𝑤ଶℓଶ

𝑟ଶ
− 𝛼 𝑔 = 0

÷ 8𝑥
ℓ
ଶ

𝑥𝐿ᇱᇱ + ℓ𝐿ᇱ + ℓ ℓ − 2
1

4𝑥
𝐿 + 1 − 𝑥 𝐿′+

ℓ

2𝑥
𝐿 −

ℓଶ

4𝑥
−

𝛼

8
𝐿 = 0

𝑥𝐿ᇱᇱ + (ℓ +1 − 𝑥)𝐿ᇱ −
ℓ

2
−

𝛼

8
𝐿 = 0

−
ℓ

2
−

𝛼

8
≡ 𝑛

𝑥𝐿ᇱᇱ + (ℓ +1 − 𝑥)𝐿ᇱ +𝑛𝐿 = 0
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Laguerre differential Eq. H. Kogelnik, T. Li, Proc. IEEE 54, 1312 (1966)

𝑛 ≡ −
ℓ

ଶ
−

ఈ

଼
≡: integer→ 𝐿 = 𝐿௡

ℓ (𝑥)

Associated Laguerre polynomials: 𝐿௡
ℓ

Rodrigues's Formula

Generating function

Recursion formula

𝐿଴
ℓ 𝑥 = 1

𝐿ଵ
ℓ 𝑥 = 1 + ℓ − 𝑥

𝐿௡ାଵ
ℓ 𝑥 =

2𝑛 + 1 + ℓ − 𝑥 𝐿௡
ℓ 𝑥 − (𝑛 + ℓ)𝐿௡ିଵ

ℓ 𝑥

𝑛 + 1

𝐿௡
ℓ 𝑥 =

𝑥ିℓ𝑒௫

𝑛!

𝑑௡

𝑑𝑥௡
(𝑒ି௫𝑥௡ାℓ)

෍ 𝑡௡𝐿௡
ℓ 𝑥

ஶ

௡ୀ଴

=
𝑒ି

௧௫
ଵି௧

1 − 𝑡 ℓାଵ

ℓ = 0 Laguerre polynomials 𝐿௡
଴ = 𝐿௡

Recursion formula

𝜕Ψ

𝜕𝑥ଶ
+

𝜕Ψ

𝜕𝑦ଶ
+ 2i𝜅

𝜕Ψ

𝜕𝑧
= 0

Ψ = 𝑔
𝑟

𝑤(𝑧)
exp −𝑖𝑃 𝑧 +

𝑖𝜅

2𝑞 𝑧
𝑟ଶ − 𝑖ℓ𝜑

𝑔
𝑟

𝑤(𝑧)
= 𝑥

ℓ
ଶ𝐿௡

ℓ (𝑥)

𝛼 ≡ 𝑤ଶ𝑓 𝑧 = 8𝑛 + 4ℓ

𝑞ᇱ = 1 → 𝑞 𝑧 = 𝑧 + 𝑞଴ ≡ 𝑧 − 𝑖𝑧଴

𝑥 =
2𝑟ଶ

𝑤ଶ

Laguerre differential Eq.

Step1

Step2

Step3

𝑥𝐿௡
ℓ ᇱᇱ

+ (ℓ +1 − 𝑥)𝐿௡
ℓ ᇱ

+𝑛𝐿௡
ℓ = 0
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Compare with Gaussian beam

𝑛 ≡ −
ℓ

ଶ
−

ఈ

଼
: integer

𝜕Ψ

𝜕𝑥ଶ
+

𝜕Ψ

𝜕𝑦ଶ
+ 2i𝜅

𝜕Ψ

𝜕𝑧
= 0

Ψ = 𝑔
𝑟

𝑤(𝑧)
exp −𝑖𝑃 𝑧 +

𝑖𝜅

2𝑞 𝑧
𝑟ଶ − 𝑖ℓ𝜑 ≡ 𝑔𝐹(𝑟, 𝜑, 𝑧)

𝑔
𝑟

𝑤(𝑧)
= 𝑥

ℓ
ଶ𝐿௡

ℓ (𝑥)

𝛼 ≡ 𝑤ଶ𝑓 𝑧 = 8𝑛 + 4ℓ

 
2𝑖𝜅

𝑞
+ 2𝜅𝑃ᇱ ≡ 𝑓 𝑧 =

8𝑛 + 4ℓ

𝑤ଶ
  →  

1

𝑞
= 𝑖𝑃ᇱ −

4𝑛 + 2ℓ 𝑖

𝑤ଶ

𝑞ᇱ = 1 → 𝑞 ≡ 𝑧 − 𝑖𝑧଴

1

𝑞
=

1

𝑅
+

2𝑖

𝜅𝑤ଶ
= 𝑖𝑃ᇱ −

𝑖(4𝑛 + 2ℓ)

𝜅𝑤ଶ

Gaussian beam

𝑖𝑃ᇱ =
1

𝑅
+

2𝑖

𝜅𝑤ଶ
+

𝑖 4𝑛 + 2ℓ

𝜅𝑤ଶ
=

1

𝑅
+

𝑖(4𝑛 + 2ℓ + 2)

𝜅𝑤ଶ

𝑃ᇱ =
1

𝑖𝑅
+

4𝑛 + 2ℓ + 2

𝜅𝑤ଶ
=

𝑧

𝑖 𝑧ଶ + 𝑧଴
ଶ +

𝑧଴(2𝑛 + ℓ + 1)

(𝑧ଶ + 𝑧଴
ଶ)

𝑃 = න 𝑃ᇱ𝑑𝑧
௭

଴

=

log
𝑧ଶ + 𝑧଴

ଶ

𝑧଴
ଶ

2𝑖
+ 2𝑛 + ℓ + 1 𝜓 𝑧

න 𝑑𝑧
௭

଴

𝑧଴

(𝑧ଶ + 𝑧଴
ଶ)

= arctan
𝑧

𝑧଴
≡ 𝜓 𝑧 =

𝜋

2
+ 𝜍 𝑧

exp −𝑖𝑃 𝑧 = 1 +
𝑧ଶ

𝑧଴
ଶ

ି
ଵ
ଶ

× exp −𝑖 2𝑛 + ℓ + 1 𝜓 𝑧

BB’ H
1

𝑞(𝑧)
=

ଵ

ோ ௭
=

௭

௭మା௭బ
మ,

ଶ

఑௪మ ௭
=

௭బ

௭మା௭బ
మ,

𝐴଴ =
𝐴

𝑧଴
 

tan 𝜍 𝑧 = −
𝑧଴

𝑧

න 𝑑𝑧
௭

଴

𝑧

(𝑧ଶ + 𝑧଴
ଶ)

=
1

2
log

𝑧ଶ + 𝑧଴
ଶ

𝑧଴
ଶ

÷ 2𝑖 

𝑥𝐿௡
ℓ ᇱᇱ

+ (ℓ +1 − 𝑥)𝐿௡
ℓ ᇱ

+𝑛𝐿௡
ℓ = 0
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Solution of Laguerre Gauss mode

−
ℓ

ଶ
−

ఈ

଼
≡ 𝑛: integer

𝜕Ψ

𝜕𝑥ଶ
+

𝜕Ψ

𝜕𝑦ଶ
+ 2i𝜅

𝜕Ψ

𝜕𝑧
= 0

Gaussian beam
1

𝑞(𝑧)
=

𝑅 𝑧 = 𝑧 1 +
௭బ

௭

ଶ
, 𝑤 𝑧 = 𝑤଴ 1 +

𝑧

𝑧଴

ଶ
ଵ
ଶ

, 𝑤଴ ≡
2𝑧଴

𝜅

ଵ
ଶ

𝐴଴ =
𝐴

𝑧଴
 

1 +
𝑧ଶ

𝑧଴
ଶ

ି
ଵ
ଶ

=
𝑤଴

𝑤(𝑧)

Ψ = 𝑔
𝑟

𝑤(𝑧)
exp −𝑖𝑃 𝑧 +

𝑖𝜅

2𝑞 𝑧
𝑟ଶ − 𝑖ℓ𝜑

𝑔
𝑟

𝑤(𝑧)
= 𝑥

ℓ
ଶ𝐿௡

ℓ 𝑥 =
2 𝑟

𝑤 𝑧

ℓ

𝐿௡
ℓ

2𝑟ଶ

𝑤ଶ(𝑧)

exp
𝑖𝜅

2𝑞 𝑧
𝑟ଶ = exp −

𝑟ଶ

𝑤ଶ 𝑧
exp 𝑖𝜅

𝑟ଶ

2𝑅 𝑧

exp −𝑖𝑃 𝑧 = 1 +
𝑧ଶ

𝑧଴
ଶ

ି
ଵ
ଶ

× exp −𝑖 2𝑛 + ℓ + 1 𝜓 𝑧

𝑥𝐿௡
ℓ ᇱᇱ

(𝑥) + (ℓ +1 − 𝑥)𝐿௡
ℓ ᇱ

(𝑥) + 𝑛𝐿௡
ℓ (𝑥) = 0

Ψ =
𝑤଴

𝑤(𝑧)

2 𝑟

𝑤 𝑧

ℓ

𝐿௡
ℓ

2𝑟ଶ

𝑤ଶ(𝑧)
exp −

𝑟ଶ

𝑤ଶ 𝑧
exp 𝑖𝜅

𝑟ଶ

2𝑅 𝑧
− 𝑖ℓ𝜑 − 𝑖 2𝑛 + ℓ + 1 𝜓 𝑧

𝑥 =
2𝑟ଶ

𝑤ଶ

𝑤 𝑧 = 𝑤଴ 1 +
𝑧

𝑧଴

ଶ
ଵ
ଶ

, 𝑤଴ ≡
2𝑧଴

𝜅

ଵ
ଶ

,𝑅 𝑧 = 𝑧 1 +
௭బ

௭

ଶ
, 𝜓 𝑧 ≡ arctan

𝑧

𝑧଴

𝑥 =
2𝑟ଶ

𝑤ଶ

Paraxial Helmholtz Eq.
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Comparison with previous solutions for Laguerre Gauss modes

−
ℓ

ଶ
−

ఈ

଼
≡ 𝑛: integer𝜕Ψ

𝜕𝑥ଶ
+

𝜕Ψ

𝜕𝑦ଶ
+ 2i𝜅

𝜕Ψ

𝜕𝑧
= 0

𝑥𝐿௡
ℓ ᇱᇱ

(𝑥) + (ℓ +1 − 𝑥)𝐿௡
ℓ ᇱ

(𝑥) + 𝑛𝐿௡
ℓ (𝑥) = 0

Ψ =
𝑤଴

𝑤(𝑧)

2 𝑟

𝑤 𝑧

ℓ

𝐿௡
ℓ

2𝑟ଶ

𝑤ଶ(𝑧)
exp −

𝑟ଶ

𝑤ଶ 𝑧
exp 𝑖𝜅

𝑟ଶ

2𝑅 𝑧
− 𝑖ℓ𝜑 − 𝑖 2𝑛 + ℓ + 1 𝜓 𝑧

𝑥 =
2𝑟ଶ

𝑤ଶ

𝑤 𝑧 = 𝑤଴ 1 +
𝑧

𝑧଴

ଶ
ଵ
ଶ

, 𝑤଴ ≡
2𝑧଴

𝜅

ଵ
ଶ

,𝑅 𝑧 = 𝑧 1 +
௭బ

௭

ଶ
, 𝜓 𝑧 ≡ arctan

𝑧

𝑧଴

Gaussian beam 𝑛 = ℓ = 0, 𝐿଴
଴ (𝑥) = 1

1

𝑞(𝑧)
=

𝑅 𝑧 = 𝑧 1 +
௭బ

௭

ଶ
, 𝑤 𝑧 = 𝑤଴ 1 +

𝑧

𝑧଴

ଶ
ଵ
ଶ

, 𝑤଴ ≡
2𝑧଴

𝜅

ଵ
ଶ

𝐴଴ =
𝐴

𝑧଴
 

1 +
𝑧ଶ

𝑧଴
ଶ

ି
ଵ
ଶ

=
𝑤଴

𝑤(𝑧)
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𝜕Ψ

𝜕𝑥ଶ
+

𝜕Ψ

𝜕𝑦ଶ
− 2i𝜅

𝜕Ψ

𝜕𝑧
= 0
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